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Presentation Overview

• Outline:

o Motivation
o The Delaunay criterion and Euclidean spaces
o The Delaunay criterion and non-Euclidean spaces
o Anisotropic Delaunay meshes
o Open problems and solution strategies
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Space-Time Methods

• Objective: develop space-time finite element methods for solving fluid-structure 
interaction (FSI) problems on adapted, unstructured, four-dimensional meshes. 

• Challenge: we must operate in four dimensions
- 4D CAD
- 4D hypersurface meshes
- 4D hypervolume meshes
- 4D mesh adaptivity
- 4D finite element basis functions
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Space-Time Methods

• Benefits
- Space-time mesh adaptivity
- High-order accuracy for moving shockwaves
- High-fidelity boundary motion
- Unsteady adjoint
- Space-time multigrid

• Applications:
- RDEs and RDAs
- Conventional jet engines

5

[2]



Department	of	Mechanical	Engineering

Meshes for Space-Time Applications

• Question: why use Delaunay meshes for four-
dimensional space-time applications?

• Answer 1: we want optimal interpolation and 
approximation for the numerical solutions of 
space- and time-dependent partial differential 
equations

• Contrary to popular belief, Delaunay meshes 
possess optimality properties which extend into 
higher dimensions (greater than two)

[3]

6



Department	of	Mechanical	Engineering

Meshes for Space-Time Applications

• Question: why use Delaunay meshes for four-
dimensional space-time applications?

• Answer 2: we want to avoid ad-hoc procedures 
which are often used to generate meshes in each 
dimension. Frequently, these procedures are “case-
by-case” and require significant modifications each 
time one changes the number of dimensions

• The Bowyer-Watson algorithm allows us to rapidly 
and automatically generate a Delaunay mesh in any 
number of dimensions

[3]
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Delaunay Optimality in 2 Dimensions

• Optimality for elliptic boundary-value problems

• Interpolation: Delaunay triangulations minimize the gradient interpolation error relative to 
any other triangulation of the same set of points

• Approximation: Delaunay triangulations minimize the error of a finite element solution in 
the energy norm

• Degree: piecewise-linear functions

Rippa, Schiff, “Minimum energy triangulations for elliptic problems,” Computer Methods in 
Applied Mechanics and Engineering, 1990
Rippa, “Minimal roughness property of the Delaunay triangulation,” Computer Methods in 
Applied Mechanics and Engineering, 1990
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Delaunay Optimality in d Dimensions

• Quasi-optimality for elliptic boundary-value problems

• Interpolation: protected Delaunay triangulations yield the best-known gradient interpolation 
error relative to any other triangulation of the same set of points

• Approximation: protected Delaunay triangulations yield the best-known error of the finite 
element solution in the energy norm

• Degree: piecewise high-order polynomial functions

Williams and Wintraecken, “Error estimates for the interpolation and approximation of 
gradients and vector fields on protected Delaunay meshes in Rd,”arXiv preprint arXiv: 
2505.18987, 2025
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Delaunay Optimality in d Dimensions

• Optimality for interpolating C1-continuous functions with pointwise-bounded second 
derivatives

• Interpolation: Delaunay triangulations minimize the worst-case pointwise interpolation 
error relative to any other triangulation of the same set of points

• Degree: piecewise-linear functions

Rajan, “Optimality of the Delaunay triangulation in Rd,” Discrete & Computational Geometry, 
1994
Waldron, “The error in linear interpolation at the vertices of a simplex,” SIAM Journal on 
Numerical Analysis, 1998
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Delaunay Meshes in Euclidean Space

• Delaunay criterion in 3D: “the circumsphere of each tetrahedron must not contain any 
points other than the vertices of the tetrahedron itself”

• The Delaunay criterion implicitly depends on the notion of the Euclidean distance between 
points

• The distance between the center of the circumsphere and a (non-vertex) point must exceed 
the radius of the circumsphere

• In Euclidean space this is easy to quantify

[4]
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Delaunay Meshes in Euclidean Space

non-Delaunay Delaunay

13



Department	of	Mechanical	Engineering

Delaunay Meshes in Euclidean Space

• Consider two points in the Euclidean space 

• The left point is the center of the circumsphere
• The right point is a generic, non-vertex point
• Key idea: both points are “space” points with spatial coordinates x, y, z

<latexit sha1_base64="7olKALcgpf4/e/spb9Qv8nOa0Rk=">AAACGHicbVDLSsQwFE19O76qLt0EB8GFjK3I6EYYcONSwXlAW0uaSWeC6YPkVqaWfoYbf8WNC0XcuvNvTGdm4etAwuGce0nOCVLBFVjWpzEzOze/sLi0XFtZXVvfMDe3OirJJGVtmohE9gKimOAxawMHwXqpZCQKBOsGt+eV371jUvEkvoY8ZV5EBjEPOSWgJd88dCMCwyAsRqVf0BKfYVewEJyRTw9wXl33PnUlHwzBuymuS9+sWw1rDPyX2FNSR1Nc+uaH209oFrEYqCBKObaVglcQCZwKVtbcTLGU0FsyYI6mMYmY8opxsBLvaaWPw0TqEwMeq983ChIplUeBnqxiqN9eJf7nORmEp17B4zQDFtPJQ2EmMCS4agn3uWQURK4JoZLrv2I6JJJQ0F3WdAn278h/SeeoYTcbzavjeqs5rWMJ7aBdtI9sdIJa6AJdojai6AE9oRf0ajwaz8ab8T4ZnTGmO9voB4yPL6c2oCE=</latexit>

xc = [xc, yc, zc]
T

<latexit sha1_base64="h1KNzXFR8TxXVRtHSBOqzIR1pVM=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEgMqCQIFRakSiyMRWoBqQmR4zqthZNY9g1qifIZLPwKCwMIsXbjb3BKB15HsnV0zr2yzwml4Boc58OamZ2bX1isLFWXV1bX1u2NzUudZoqyDk1Fqq5DopngCesAB8GupWIkDgW7Cm/PSv/qjinN06QNI8n8mPQTHnFKwEiBfeDFBAZhlA+LIJcFPsWeYBF0h4Hcx6Pyug+kp3h/AP5N3i4Cu+bUnQnwX+JOSQ1N0QrssddLaRazBKggWnddR4KfEwWcClZUvUwzSegt6bOuoQmJmfbzSbAC7xqlh6NUmZMAnqjfN3ISaz2KQzNZxtC/vVL8z+tmEJ34OU9kBiyhXw9FmcCQ4rIl3OOKURAjQwhV3PwV0wFRhILpsmpKcH9H/ksuD+tuo964OKo1G9M6Kmgb7aA95KJj1ETnqIU6iKIH9IRe0Kv1aD1bb9b71+iMNd3ZQj9gjT8B+jCgVQ==</latexit>

xp = [xp, yp, zp]
T

<latexit sha1_base64="uiFpv96tQwKUBYEZNC/RtUHzayA=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSluiyI4LKCfUATy2Q6aYdOJmEeQgn9DTcuFHHrz7jzb5y0WWjrgYHDOfdyz5ww5Uxp1/12VlbX1jc2S1vl7Z3dvf3KwWFbJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8k/udJyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqePF/1K1a25M6Bl4hWkCgWa/cqXP0iIianQhGOlep6b6iDDUjPC6bTsG0VTTMZ4SHuWChxTFWSzzFN0apUBihJpn9Bopv7eyHCs1CQO7WSeUS16ufif1zM6ug4yJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWsq2xK8xS8vk/Z5zavX6veX1Ua9qKMEx3ACZ+DBFTTgDprQAgIpPMMrvDnGeXHenY/56IpT7BzBHzifP9fBkYk=</latexit>

E3

14



Department	of	Mechanical	Engineering

Delaunay Meshes in Euclidean Space

• The inner product in Euclidean space       is well defined 

• Dimensionally consistent inner products
• The squared distance and the power are also well defined

<latexit sha1_base64="uiFpv96tQwKUBYEZNC/RtUHzayA=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSluiyI4LKCfUATy2Q6aYdOJmEeQgn9DTcuFHHrz7jzb5y0WWjrgYHDOfdyz5ww5Uxp1/12VlbX1jc2S1vl7Z3dvf3KwWFbJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8k/udJyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqePF/1K1a25M6Bl4hWkCgWa/cqXP0iIianQhGOlep6b6iDDUjPC6bTsG0VTTMZ4SHuWChxTFWSzzFN0apUBihJpn9Bopv7eyHCs1CQO7WSeUS16ufif1zM6ug4yJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWsq2xK8xS8vk/Z5zavX6veX1Ua9qKMEx3ACZ+DBFTTgDprQAgIpPMMrvDnGeXHenY/56IpT7BzBHzifP9fBkYk=</latexit>

E3

<latexit sha1_base64="HeKwwv7j1cC0L9pEFmgMRh6X63g="></latexit>

(xp � xc)
T (xp � xc) ) length2

<latexit sha1_base64="M3t9kptbEzSr5Qx4p722fmDkJHw="></latexit>

P = (xp � xc)
T (xp � xc)�R2 <latexit sha1_base64="v5Qwh9TsNzbEHrYWdEh55agfr1Y=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgxmUF+4B2LJk004ZmkiHJqGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bWiaK0BaRXKpugDXlTNCWYYbTbqwojgJOO8HkOvc7D1RpJsWdmcbUj/BIsJARbKx034+wGQdh+pQN0jgbVKpuzZ0BLROvIFUo0BxUvvpDSZKICkM41rrnubHxU6wMI5xm5X6iaYzJBI9oz1KBI6r9dJY6Q6dWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsIrP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsUWVbgrf45WXSPq959Vr99qLaqBd1lOAYTuAMPLiEBtxAE1pAQMEzvMKb8+i8OO/Ox3x0xSl2juAPnM8fVmaTCg==</latexit>xp

<latexit sha1_base64="s/c+1L+gjYu8tQCY3ohe7zbnE/Q=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgxmUF+4B2LJk004ZmkiHJqGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bWiaK0BaRXKpugDXlTNCWYYbTbqwojgJOO8HkOvc7D1RpJsWdmcbUj/BIsJARbKx034+wGQdh+pQNUpINKlW35s6AlolXkCoUaA4qX/2hJElEhSEca93z3Nj4KVaGEU6zcj/RNMZkgke0Z6nAEdV+OkudoVOrDFEolX3CoJn6eyPFkdbTKLCTeUq96OXif14vMeGVnzIRJ4YKMj8UJhwZifIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eq1+e1Ft1Is6SnAMJ3AGHlxCA26gCS0goOAZXuHNeXRenHfnYz664hQ7R/AHzucPQqWS/Q==</latexit>xc
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Delaunay Meshes in Euclidean Space

• The Delaunay criterion simply insists that all non-vertex points of each tetrahedron have 
positive powers

• Point inside circumsphere
• Point on circumsphere
• Point outside circumsphere

• Key idea: the Delaunay criterion is well defined when an inner product for the space is also 
well defined

<latexit sha1_base64="T4zPjk48y7f1zwZO6191qgItHh4="></latexit>

P = (xp � xc)
T (xp � xc)�R2 > 0

<latexit sha1_base64="IIPTNpEL1zANrIetzS/wJcXAsKA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS5cFNy4rGBroQ1lMp20QyeTMA+hhn6JGxeKuPVT3Pk3TtostPXAwOGce7lnTphyprTnfTultfWNza3ydmVnd2+/6h4cdlRiJKFtkvBEdkOsKGeCtjXTnHZTSXEccvoQTm5y/+GRSsUSca+nKQ1iPBIsYgRrKw3caj/Gekwwz1ozdI28gVvz6t4caJX4BalBgdbA/eoPE2JiKjThWKme76U6yLDUjHA6q/SNoikmEzyiPUsFjqkKsnnwGTq1yhBFibRPaDRXf29kOFZqGod2Mo+plr1c/M/rGR1dBRkTqdFUkMWhyHCkE5S3gIZMUqL51BJMJLNZERljiYm2XVVsCf7yl1dJ57zuN+qNu4tas1HUUYZjOIEz8OESmnALLWgDAQPP8ApvzpPz4rw7H4vRklPsHMEfOJ8/qm6Sag==</latexit>

P < 0
<latexit sha1_base64="+s2+usDTCUJ7tDY0zaRk4P0bGss=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqW6EghuXFWwttKFMppN26GQS5iHU0C9x40IRt36KO//GSZuFth4YOJxzL/fMCVPOlPa8b6e0tr6xuVXeruzs7u1X3YPDjkqMJLRNEp7IbogV5UzQtmaa024qKY5DTh/CyU3uPzxSqVgi7vU0pUGMR4JFjGBtpYFb7cdYjwnmWWuGrpE3cGte3ZsDrRK/IDUo0Bq4X/1hQkxMhSYcK9XzvVQHGZaaEU5nlb5RNMVkgke0Z6nAMVVBNg8+Q6dWGaIokfYJjebq740Mx0pN49BO5jHVspeL/3k9o6OrIGMiNZoKsjgUGY50gvIW0JBJSjSfWoKJZDYrImMsMdG2q4otwV/+8irpnNf9Rr1xd1FrNoo6ynAMJ3AGPlxCE26hBW0gYOAZXuHNeXJenHfnYzFacoqdI/gD5/MHq/SSaw==</latexit>

P = 0
<latexit sha1_base64="JHM4QBew/U/XWQGEbfqoZcsyr10=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqa6k4MZlBVsLbSiT6aQdOpmEeQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zwpQzpT3v2ymtrW9sbpW3Kzu7e/tV9+CwoxIjCW2ThCeyG2JFORO0rZnmtJtKiuOQ04dwcpP7D49UKpaIez1NaRDjkWARI1hbaeBW+zHWY4J51pqha+QN3JpX9+ZAq8QvSA0KtAbuV3+YEBNToQnHSvV8L9VBhqVmhNNZpW8UTTGZ4BHtWSpwTFWQzYPP0KlVhihKpH1Co7n6eyPDsVLTOLSTeUy17OXif17P6OgqyJhIjaaCLA5FhiOdoLwFNGSSEs2nlmAimc2KyBhLTLTtqmJL8Je/vEo653W/UW/cXdSajaKOMhzDCZyBD5fQhFtoQRsIGHiGV3hznpwX5935WIyWnGLnCP7A+fwBrXqSbA==</latexit>

P > 0

<latexit sha1_base64="RtvgfDzrMqjM+BUDoFUY5if6MRA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXqnkcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrJeM1Q==</latexit>

R

<latexit sha1_base64="IIPTNpEL1zANrIetzS/wJcXAsKA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS5cFNy4rGBroQ1lMp20QyeTMA+hhn6JGxeKuPVT3Pk3TtostPXAwOGce7lnTphyprTnfTultfWNza3ydmVnd2+/6h4cdlRiJKFtkvBEdkOsKGeCtjXTnHZTSXEccvoQTm5y/+GRSsUSca+nKQ1iPBIsYgRrKw3caj/Gekwwz1ozdI28gVvz6t4caJX4BalBgdbA/eoPE2JiKjThWKme76U6yLDUjHA6q/SNoikmEzyiPUsFjqkKsnnwGTq1yhBFibRPaDRXf29kOFZqGod2Mo+plr1c/M/rGR1dBRkTqdFUkMWhyHCkE5S3gIZMUqL51BJMJLNZERljiYm2XVVsCf7yl1dJ57zuN+qNu4tas1HUUYZjOIEz8OESmnALLWgDAQPP8ApvzpPz4rw7H4vRklPsHMEfOJ8/qm6Sag==</latexit>

P < 0

<latexit sha1_base64="JHM4QBew/U/XWQGEbfqoZcsyr10=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqa6k4MZlBVsLbSiT6aQdOpmEeQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zwpQzpT3v2ymtrW9sbpW3Kzu7e/tV9+CwoxIjCW2ThCeyG2JFORO0rZnmtJtKiuOQ04dwcpP7D49UKpaIez1NaRDjkWARI1hbaeBW+zHWY4J51pqha+QN3JpX9+ZAq8QvSA0KtAbuV3+YEBNToQnHSvV8L9VBhqVmhNNZpW8UTTGZ4BHtWSpwTFWQzYPP0KlVhihKpH1Co7n6eyPDsVLTOLSTeUy17OXif17P6OgqyJhIjaaCLA5FhiOdoLwFNGSSEs2nlmAimc2KyBhLTLTtqmJL8Je/vEo653W/UW/cXdSajaKOMhzDCZyBD5fQhFtoQRsIGHiGV3hznpwX5935WIyWnGLnCP7A+fwBrXqSbA==</latexit>

P > 0

<latexit sha1_base64="s/c+1L+gjYu8tQCY3ohe7zbnE/Q=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgxmUF+4B2LJk004ZmkiHJqGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bWiaK0BaRXKpugDXlTNCWYYbTbqwojgJOO8HkOvc7D1RpJsWdmcbUj/BIsJARbKx034+wGQdh+pQNUpINKlW35s6AlolXkCoUaA4qX/2hJElEhSEca93z3Nj4KVaGEU6zcj/RNMZkgke0Z6nAEdV+OkudoVOrDFEolX3CoJn6eyPFkdbTKLCTeUq96OXif14vMeGVnzIRJ4YKMj8UJhwZifIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eq1+e1Ft1Is6SnAMJ3AGHlxCA26gCS0goOAZXuHNeXRenHfnYz664hQ7R/AHzucPQqWS/Q==</latexit>xc
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• Consider the extended circumsphere with radius

• The protected Delaunay criterion insists that all non-vertex points of each tetrahedron have 
positive powers with respect to the extended circumsphere

• Here the quantity     is called the protection

Protected Delaunay Meshes in Euclidean Space

<latexit sha1_base64="/5aCFhU5wVluzVHvVphWryFc7NQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklEqseCF49V7Ae2oWw2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm4Wt4vbO7t5+6eCwqZNMMWywRCSqHVCNgktsGG4EtlOFNA4EtoLhzdRvPaHSPJEPZpSiH9O+5BFn1Fjp8Z6ck26IwtBeqexW3BnIMvFyUoYc9V7pqxsmLItRGiao1h3PTY0/pspwJnBS7GYaU8qGtI8dSyWNUfvj2cUTcmqVkESJsiUNmam/J8Y01noUB7YzpmagF72p+J/XyUx07Y+5TDODks0XRZkgJiHT90nIFTIjRpZQpri9lbABVZQZG1LRhuAtvrxMmhcVr1qp3l2Wa9U8jgIcwwmcgQdXUINbqEMDGEh4hld4c7Tz4rw7H/PWFSefOYI/cD5/AEmnkAA=</latexit>

R+ �

<latexit sha1_base64="Sacm8TlqW5Q1jmc0/T+g1MD5W3U="></latexit>

P = (xp � xc)
T (xp � xc)� (R+ �)2 > 0

<latexit sha1_base64="RYpkiqH1M5Bm+vFAaYQRXj3Kdbw=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix48VjBfkAbymazaddudsPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLIWchSsm2pGklCwTji+nfmdJ6YNV/IBJykLEjKUPOaUoJXa/YgJJINK1at5c7irxC9IFQo0B5WvfqRoljCJVBBjer6XYpATjZwKNi33M8NSQsdkyHqWSpIwE+Tza6fuuVUiN1balkR3rv6eyElizCQJbWdCcGSWvZn4n9fLML4Jci7TDJmki0VxJlxU7ux1N+KaURQTSwjV3N7q0hHRhKINqGxD8JdfXiXty5pfr9Xvr6qNehFHCU7hDC7Ah2towB00oQUUHuEZXuHNUc6L8+58LFrXnGLmBP7A+fwBkYKPGw==</latexit>

�

<latexit sha1_base64="IIPTNpEL1zANrIetzS/wJcXAsKA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS5cFNy4rGBroQ1lMp20QyeTMA+hhn6JGxeKuPVT3Pk3TtostPXAwOGce7lnTphyprTnfTultfWNza3ydmVnd2+/6h4cdlRiJKFtkvBEdkOsKGeCtjXTnHZTSXEccvoQTm5y/+GRSsUSca+nKQ1iPBIsYgRrKw3caj/Gekwwz1ozdI28gVvz6t4caJX4BalBgdbA/eoPE2JiKjThWKme76U6yLDUjHA6q/SNoikmEzyiPUsFjqkKsnnwGTq1yhBFibRPaDRXf29kOFZqGod2Mo+plr1c/M/rGR1dBRkTqdFUkMWhyHCkE5S3gIZMUqL51BJMJLNZERljiYm2XVVsCf7yl1dJ57zuN+qNu4tas1HUUYZjOIEz8OESmnALLWgDAQPP8ApvzpPz4rw7H4vRklPsHMEfOJ8/qm6Sag==</latexit>

P < 0

<latexit sha1_base64="JHM4QBew/U/XWQGEbfqoZcsyr10=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqa6k4MZlBVsLbSiT6aQdOpmEeQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zwpQzpT3v2ymtrW9sbpW3Kzu7e/tV9+CwoxIjCW2ThCeyG2JFORO0rZnmtJtKiuOQ04dwcpP7D49UKpaIez1NaRDjkWARI1hbaeBW+zHWY4J51pqha+QN3JpX9+ZAq8QvSA0KtAbuV3+YEBNToQnHSvV8L9VBhqVmhNNZpW8UTTGZ4BHtWSpwTFWQzYPP0KlVhihKpH1Co7n6eyPDsVLTOLSTeUy17OXif17P6OgqyJhIjaaCLA5FhiOdoLwFNGSSEs2nlmAimc2KyBhLTLTtqmJL8Je/vEo653W/UW/cXdSajaKOMhzDCZyBD5fQhFtoQRsIGHiGV3hznpwX5935WIyWnGLnCP7A+fwBrXqSbA==</latexit>

P > 0

<latexit sha1_base64="s/c+1L+gjYu8tQCY3ohe7zbnE/Q=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgxmUF+4B2LJk004ZmkiHJqGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg7bWiaK0BaRXKpugDXlTNCWYYbTbqwojgJOO8HkOvc7D1RpJsWdmcbUj/BIsJARbKx034+wGQdh+pQNUpINKlW35s6AlolXkCoUaA4qX/2hJElEhSEca93z3Nj4KVaGEU6zcj/RNMZkgke0Z6nAEdV+OkudoVOrDFEolX3CoJn6eyPFkdbTKLCTeUq96OXif14vMeGVnzIRJ4YKMj8UJhwZifIK0JApSgyfWoKJYjYrImOsMDG2qLItwVv88jJpn9e8eq1+e1Ft1Is6SnAMJ3AGHlxCA26gCS0goOAZXuHNeXRenHfnYz664hQ7R/AHzucPQqWS/Q==</latexit>xc

<latexit sha1_base64="UHlPwNbG5p4EZQeimSiSsk9/Jl8=">AAAB73icbVBNS8NAEN34WetX1aOXxSIIQklEqseCF49V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmOTR4IhPdDpgBKRQ0UKCEdqqBxYGEVjC8mfqtJ9BGJOoBRyn4MesrEQnO0Ert+/NuCBJZr1R2K+4MdJl4OSmTHPVe6asbJjyLQSGXzJiO56boj5lGwSVMit3MQMr4kPWhY6liMRh/PLt3Qk+tEtIo0bYU0pn6e2LMYmNGcWA7Y4YDs+hNxf+8TobRtT8WKs0QFJ8vijJJMaHT52koNHCUI0sY18LeSvmAacbRRlS0IXiLLy+T5kXFq1aqd5flWjWPo0COyQk5Ix65IjVyS+qkQTiR5Jm8kjfn0Xlx3p2PeeuKk88ckT9wPn8AnCOPrA==</latexit>

R+ �

<latexit sha1_base64="IIPTNpEL1zANrIetzS/wJcXAsKA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS5cFNy4rGBroQ1lMp20QyeTMA+hhn6JGxeKuPVT3Pk3TtostPXAwOGce7lnTphyprTnfTultfWNza3ydmVnd2+/6h4cdlRiJKFtkvBEdkOsKGeCtjXTnHZTSXEccvoQTm5y/+GRSsUSca+nKQ1iPBIsYgRrKw3caj/Gekwwz1ozdI28gVvz6t4caJX4BalBgdbA/eoPE2JiKjThWKme76U6yLDUjHA6q/SNoikmEzyiPUsFjqkKsnnwGTq1yhBFibRPaDRXf29kOFZqGod2Mo+plr1c/M/rGR1dBRkTqdFUkMWhyHCkE5S3gIZMUqL51BJMJLNZERljiYm2XVVsCf7yl1dJ57zuN+qNu4tas1HUUYZjOIEz8OESmnALLWgDAQPP8ApvzpPz4rw7H4vRklPsHMEfOJ8/qm6Sag==</latexit>

P < 0
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Protected Delaunay Meshes in Euclidean Space

Delaunay Protected Delaunay

<latexit sha1_base64="RYpkiqH1M5Bm+vFAaYQRXj3Kdbw=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix48VjBfkAbymazaddudsPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLIWchSsm2pGklCwTji+nfmdJ6YNV/IBJykLEjKUPOaUoJXa/YgJJINK1at5c7irxC9IFQo0B5WvfqRoljCJVBBjer6XYpATjZwKNi33M8NSQsdkyHqWSpIwE+Tza6fuuVUiN1balkR3rv6eyElizCQJbWdCcGSWvZn4n9fLML4Jci7TDJmki0VxJlxU7ux1N+KaURQTSwjV3N7q0hHRhKINqGxD8JdfXiXty5pfr9Xvr6qNehFHCU7hDC7Ah2towB00oQUUHuEZXuHNUc6L8+58LFrXnGLmBP7A+fwBkYKPGw==</latexit>

�

18
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Protected Delaunay Meshes in Euclidean Space

• Importance: having non-zero protection prevents the formation of slivers. There is a direct 
relationship between large values of protection, and large guaranteed minimum thicknesses 
of the tetrahedra

• A sliver is a very flat tetrahedron with nearly zero relative altitude with respect to one of its 
vertices

• Key idea: the protected Delaunay criterion is well defined when an inner product for the 
space is also well defined

<latexit sha1_base64="4K6/5/YQkNcM+BnEekt7rgyUTIg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFYwX5gG8pmM2mXbjZhdyOU0n/hxYMiXv033vw3btsctPXBwOO9GWbmBang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB2Mbmd++wmV5ol8MOMU/ZgOJI84o8ZKj70QhaHkhrj9csWtunOQVeLlpAI5Gv3yVy9MWBajNExQrbuemxp/QpXhTOC01Ms0ppSN6AC7lkoao/Yn84un5MwqIYkSZUsaMld/T0xorPU4DmxnTM1QL3sz8T+vm5no2p9wmWYGJVssijJBTEJm75OQK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtC6qXq1au7+s1Gt5HEU4gVM4Bw+uoA530IAmMJDwDK/w5mjnxXl3PhatBSefOYY/cD5/ADewj/E=</latexit>

� > 0
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Spaces
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Delaunay Meshes in Riemannian Space

• Delaunay criterion in 4D: “the circumhypersphere of each pentatope must not contain any 
points other than the vertices of the pentatope itself”

• The Delaunay criterion implicitly depends on the notion of the Euclidean distance between 
points

• Problem: The Euclidean distance is NOT well defined

21
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Delaunay Meshes in Riemannian Space

• Consider two points in the non-Euclidean space 

• The left point is the center of the circumsphere
• The right point is a generic, non-vertex point
• Key idea: both points are “space-time” points with spatial coordinates x, y, z and time 

coordinate t

<latexit sha1_base64="Uba45lNB0J1RxGqyvwi/rSoWRV4=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBbBVUlUqsuCCC6r2Ac0sUym03bo5MHMRCghOzf+ihsXirj1F9z5N07aCNp64MLhnHu59x4v4kwqy/oyCguLS8srxdXS2vrG5pa5vdOUYSwIbZCQh6LtYUk5C2hDMcVpOxIU+x6nLW90kfmteyokC4NbNY6o6+NBwPqMYKWlrrnv+FgNPS+5TO9OkKOYTyX60W7Srlm2KtYEaJ7YOSlDjnrX/HR6IYl9GijCsZQd24qUm2ChGOE0LTmxpBEmIzygHU0DrPe5yeSPFB1qpYf6odAVKDRRf08k2Jdy7Hu6M7tQznqZ+J/XiVX/3E1YEMWKBmS6qB9zpEKUhYJ6TFCi+FgTTATTtyIyxAITpaMr6RDs2ZfnSfO4Ylcr1evTcq2ax1GEPTiAI7DhDGpwBXVoAIEHeIIXeDUejWfjzXifthaMfGYX/sD4+AbMuJlA</latexit>

E3 ⇥ R

<latexit sha1_base64="Xzc54exy+vSVcCI+7Nldu7Kp6NY=">AAACHXicbVDLSsNAFJ34tr6iLt0MFsGFlERKdSMIblwq2AckMUymk3Zw8mDmRhpDfsSNv+LGhSIu3Ih/46TtwteBuRzOuZc79wSp4Aos69OYmZ2bX1hcWq6trK6tb5ibWx2VZJKyNk1EInsBUUzwmLWBg2C9VDISBYJ1g5uzyu/eMql4El9BnjIvIoOYh5wS0JJvNt2IwDAIi1HpF7TEJ9gVLARn5NMDnFflrirgU1fywRC86+Kq9M261bDGwH+JPSV1NMWFb767/YRmEYuBCqKUY1speAWRwKlgZc3NFEsJvSED5mgak4gprxhfV+I9rfRxmEj9YsBj9ftEQSKl8ijQndUt6rdXif95TgbhsVfwOM2AxXSyKMwEhgRXUeE+l4yCyDUhVHL9V0yHRBIKOtCaDsH+ffJf0jls2K1G67JZP21N41hCO2gX7SMbHaFTdI4uUBtRdI8e0TN6MR6MJ+PVeJu0zhjTmW30A8bHF//nodU=</latexit>

xc = [xc, yc, zc, tc]
T

<latexit sha1_base64="rqaIRWJ2Kx3av9lVV0uL7fGQZhI=">AAACHXicbVDLSsNAFJ3Ud31VXboZLIILKYlIdSMIblwq2Ac0MUymk3boJBlmbsQa8iNu/BU3LhRx4Ub8GydtF9p6YC6Hc+7lzj2BFFyDbX9bpbn5hcWl5ZXy6tr6xmZla7upk1RR1qCJSFQ7IJoJHrMGcBCsLRUjUSBYKxhcFH7rjinNk/gGhpJ5EenFPOSUgJH8yrEbEegHYXaf+5nM8Rl2BQuhc+/LQzwsykNRwJeu4r0+eLfZTe5XqnbNHgHPEmdCqmiCK7/y6XYTmkYsBiqI1h3HluBlRAGnguVlN9VMEjogPdYxNCYR0142ui7H+0bp4jBR5sWAR+rviYxEWg+jwHQWt+hprxD/8zophKdexmOZAovpeFGYCgwJLqLCXa4YBTE0hFDFzV8x7RNFKJhAyyYEZ/rkWdI8qjn1Wv36uHpen8SxjHbRHjpADjpB5+gSXaEGougRPaNX9GY9WS/Wu/Uxbi1Zk5kd9AfW1w9oN6IW</latexit>

xp = [xp, yp, zp, tp]
T
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Delaunay Meshes in Riemannian Space

• The Euclidean inner product is not well defined 

• Dimensionally inconsistent inner products
• All downstream quantities, such as the squared distance, power, and Delaunay criterion are 

also ill defined
• This is practically okay, but it interferes with optimality arguments which require dimensional 

consistency

<latexit sha1_base64="wXRbv3ANMKs41d/u0E61GS5Ia9M="></latexit>

(xp � xc)
T (xp � xc) ) length2 + time2
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Delaunay Meshes in Riemannian Space

• Problem: The Euclidean distance is NOT well defined
• Solution: Define a Riemannian distance with respect to a metric field

• Metric field: a symmetric positive-definite (SPD) matrix function which is defined at every 
point in the space-time domain

• Separates points

<latexit sha1_base64="dBYCL+RW0hhuSQ4aVLbqSu3fPoI=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBEqlJKIVJcFN26ECvYBbSiT6aQdOpmEmYkYQ/0VNy4UceuHuPNvnLRZaOuBgcM593LPHC9iVCrb/jZWVtfWNzYLW8Xtnd29ffPgsC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3KV+Z17IiQN+Z1KIuIGaMSpTzFSWhqYpX6A1Njz05tp5aGaVB+r6nRglu2aPYO1TJyclCFHc2B+9YchjgPCFWZIyp5jR8pNkVAUMzIt9mNJIoQnaER6mnIUEOmms/BT60QrQ8sPhX5cWTP190aKAimTwNOTWVS56GXif14vVv6lm1IexYpwPD/kx8xSoZU1YQ2pIFixRBOEBdVZLTxGAmGl+yrqEpzFLy+T9lnNqdfqt+flRj2vowBHcAwVcOACGnANTWgBhgSe4RXejCfjxXg3PuajK0a+U4I/MD5/AMmjlC8=</latexit>

M(x, y, z, t)

<latexit sha1_base64="+y7tvRtw3cWA/kmtqaWmE+tgUq8="></latexit>

xTM(x, y, z, t)x > 0, x 6= 0
[5]
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Delaunay Meshes in Riemannian Space

• Enforces dimensional consistency

• Dimensionless: 
• Dimensions of length/time:
• Dimensions of length2/time2:

<latexit sha1_base64="NYa0LjD62309MqbllRWPgyq/K+4="></latexit>

M(x, y, z, t) =

2

666664

m11 m12 m13 m14

m12 m22 m23 m24

m13 m23 m33 m34

m14 m24 m34 m44

3

777775

<latexit sha1_base64="574AQnD9/sAueGiKSoPyLHSUY2U=">AAACF3icbVBNS8NAEN3Ur1q/oh69LBbBg4Qkleqx4MVjBfsBbQib7aZdupuE3Y1QQv6FF/+KFw+KeNWb/8ZNm4O2PljmzZsZZucFCaNS2fa3UVlb39jcqm7Xdnb39g/Mw6OujFOBSQfHLBb9AEnCaEQ6iipG+okgiAeM9ILpTVHvPRAhaRzdq1lCPI7GEQ0pRkpLvmlxP3Oc/AIW0S1jYxHdMnfLvNHIfbNuW/YccJU4JamDEm3f/BqOYpxyEinMkJQDx06UlyGhKGYkrw1TSRKEp2hMBppGiBPpZfO7cnimlREMY6FfpOBc/T2RIS7ljAe6kyM1kcu1QvyvNkhVeO1lNEpSRSK8WBSmDKoYFibBERUEKzbTBGFB9V8hniCBsNJW1rQJzvLJq6TrWk7Tat5d1lvN0o4qOAGn4Bw44Aq0wC1ogw7A4BE8g1fwZjwZL8a78bForRjlzDH4A+PzB1K5nOI=</latexit>m11,m12,m13,m22,m23,m33
<latexit sha1_base64="OrsqeovfC8ZFsE4S9oiGUEuFBoc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEF1KSWqrLghuXFewD2hAm00k7dCYJMxOhxC78FTcuFHHrb7jzb5y2WWjrgeEezrmXe+cECWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFaeS0CaJeSw7AVaUs4g2NdOcdhJJsQg4bQejm6nffqBSsTi61+OEegIPIhYygrWRfPtY+JlbnVwgUyt5vaxOfLvklJ0Z0DJxc1KCHA3f/ur1Y5IKGmnCsVJd10m0l2GpGeF0UuyliiaYjPCAdg2NsKDKy2b3T9CZUfoojKV5kUYz9fdEhoVSYxGYToH1UC16U/E/r5vq8NrLWJSkmkZkvihMOdIxmoaB+kxSovnYEEwkM7ciMsQSE20iK5oQ3MUvL5NWpezWyrW7aqley+MowAmcwjm4cAV1uIUGNIHAIzzDK7xZT9aL9W59zFtXrHzmCP7A+vwBunmUnA==</latexit>m14,m24,m34

<latexit sha1_base64="F0C7PMDueDJAyeomxCh5ij9iBjs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0FWq80G5Ypf9RdA6yTISQVyNAflr/5QkVRQaQnHxvQCP7FhhrVlhNNZqZ8ammAywSPac1RiQU2YLa6doQunDFGstCtp0UL9PZFhYcxURK5TYDs2q95c/M/rpTa+CTMmk9RSSZaL4pQjq9D8dTRkmhLLp45gopm7FZEx1phYF1DJhRCsvrxO2lfVoF6t39cqjXoeRxHO4BwuIYBraMAdNKEFBB7hGV7hzVPei/fufSxbC14+cwp/4H3+ADltjuE=</latexit>m44

Spatial anisotropy
Characteristic speeds
Characteristic speeds squared
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Delaunay Meshes in Riemannian Space

• The Riemannian inner product IS well defined 

• Dimensionally consistent inner products
• The squared distance and the power are also well defined

• The “anisotropic Delaunay criterion” is now well defined

<latexit sha1_base64="OJY+a7CxwbY3ulCqQhviZ58AV6w="></latexit>

(xp � xc)
T M (xp � xc) ) length2

<latexit sha1_base64="BKc5Qc/PQjFhXJtQPuk4exEVxGM="></latexit>

PM = (xp � xc)
T M (xp � xc)�R2

M
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Protected Delaunay Meshes in Riemannian Space

• The “protected anisotropic Delaunay criterion” is also well defined

• Protection is now enforced relative to a distorted version of the circumhypersphere, where 
the distortion is specified by the metric field

<latexit sha1_base64="Ii/amGiOb1KtYMsDkFPbjVNBZHM="></latexit>

PM = (xp � xc)
T M (xp � xc)� (RM + �M )2

27



Department	of	Mechanical	Engineering

Protected Delaunay Meshes in Riemannian Space

Anisotropic Delaunay Protected Anisotropic Delaunay

28
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Delaunay Meshes in Riemannian Space

• Enforces dimensional consistency [More precise construction]

• Dimensions of 1/length2: 
• Dimensions of 1/length*time:
• Dimensions of 1/time2:

<latexit sha1_base64="NYa0LjD62309MqbllRWPgyq/K+4="></latexit>

M(x, y, z, t) =

2

666664

m11 m12 m13 m14

m12 m22 m23 m24

m13 m23 m33 m34

m14 m24 m34 m44

3

777775

<latexit sha1_base64="574AQnD9/sAueGiKSoPyLHSUY2U=">AAACF3icbVBNS8NAEN3Ur1q/oh69LBbBg4Qkleqx4MVjBfsBbQib7aZdupuE3Y1QQv6FF/+KFw+KeNWb/8ZNm4O2PljmzZsZZucFCaNS2fa3UVlb39jcqm7Xdnb39g/Mw6OujFOBSQfHLBb9AEnCaEQ6iipG+okgiAeM9ILpTVHvPRAhaRzdq1lCPI7GEQ0pRkpLvmlxP3Oc/AIW0S1jYxHdMnfLvNHIfbNuW/YccJU4JamDEm3f/BqOYpxyEinMkJQDx06UlyGhKGYkrw1TSRKEp2hMBppGiBPpZfO7cnimlREMY6FfpOBc/T2RIS7ljAe6kyM1kcu1QvyvNkhVeO1lNEpSRSK8WBSmDKoYFibBERUEKzbTBGFB9V8hniCBsNJW1rQJzvLJq6TrWk7Tat5d1lvN0o4qOAGn4Bw44Aq0wC1ogw7A4BE8g1fwZjwZL8a78bForRjlzDH4A+PzB1K5nOI=</latexit>m11,m12,m13,m22,m23,m33
<latexit sha1_base64="OrsqeovfC8ZFsE4S9oiGUEuFBoc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEF1KSWqrLghuXFewD2hAm00k7dCYJMxOhxC78FTcuFHHrb7jzb5y2WWjrgeEezrmXe+cECWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFaeS0CaJeSw7AVaUs4g2NdOcdhJJsQg4bQejm6nffqBSsTi61+OEegIPIhYygrWRfPtY+JlbnVwgUyt5vaxOfLvklJ0Z0DJxc1KCHA3f/ur1Y5IKGmnCsVJd10m0l2GpGeF0UuyliiaYjPCAdg2NsKDKy2b3T9CZUfoojKV5kUYz9fdEhoVSYxGYToH1UC16U/E/r5vq8NrLWJSkmkZkvihMOdIxmoaB+kxSovnYEEwkM7ciMsQSE20iK5oQ3MUvL5NWpezWyrW7aqley+MowAmcwjm4cAV1uIUGNIHAIzzDK7xZT9aL9W59zFtXrHzmCP7A+vwBunmUnA==</latexit>m14,m24,m34

<latexit sha1_base64="F0C7PMDueDJAyeomxCh5ij9iBjs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0FWq80G5Ypf9RdA6yTISQVyNAflr/5QkVRQaQnHxvQCP7FhhrVlhNNZqZ8ammAywSPac1RiQU2YLa6doQunDFGstCtp0UL9PZFhYcxURK5TYDs2q95c/M/rpTa+CTMmk9RSSZaL4pQjq9D8dTRkmhLLp45gopm7FZEx1phYF1DJhRCsvrxO2lfVoF6t39cqjXoeRxHO4BwuIYBraMAdNKEFBB7hGV7hzVPei/fufSxbC14+cwp/4H3+ADltjuE=</latexit>m44

29

<latexit sha1_base64="MKgf4rm1RULXCU/iyRXLyp6hYh0="></latexit>

(xp → xc)
T M (xp → xc) ↑ dimensionless
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Delaunay Meshes in Riemannian Space

• How do we obtain a metric like this?
• Compute the Hessian of a scalar field

• The Hessian approximates the truncation error for a second-order method!
• Anisotropy is dictated by the Hessian which acts as an error indicator

30

<latexit sha1_base64="7yMmc7Es8fHFck+YvnjnDM6NPgg="></latexit>

H(x, y, z, t) =





ω2ε
ωx2

ω2ε
ωxωy

ω2ε
ωxωz

ω2ε
ωxωt

ω2ε
ωxωy

ω2ε
ωy2

ω2ε
ωyωz

ω2ε
ωyωt

ω2ε
ωxωz

ω2ε
ωyωz

ω2ε
ωz2

ω2ε
ωzωt

ω2ε
ωxωt

ω2ε
ωyωt

ω2ε
ωzωt

ω2ε
ωt2




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Delaunay Meshes in Riemannian Space

• Problem: the Hessian is symmetric, but not guaranteed to be positive definite
• We need a field of SPD matrices!

• Solution: we set the metric field equal to the matrix absolute value of the Hessian field
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Delaunay Meshes in Riemannian Space

• The Riemannian inner product is well defined if 
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Delaunay Meshes in Riemannian Space

• The anisotropic Delaunay criterion, and the associated predicates are defined with respect to 
a metric field

• Problem: Where should we evaluate the metric field when we compute distances or 
Delaunay predicates?

<latexit sha1_base64="La+CiPpz8QDvpuxGB0BSUxuR1AI="></latexit>

(xp � xc)
T M (xp � xc) = (xp � xc)

T M(xq) (xp � xc)
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Practical Application: Bowyer-Watson Algorithm

1. Create a collection of points which will appear as vertices in the mesh
2. Create a d-dimensional bounding box which contains all the points 
3. Subdivide the bounding box into a collection of Delaunay d-simplices 
4. Insert the points one at a time into the Delaunay mesh

- Check to see if the point to be inserted lies inside the circumhypersphere of any existing 
d-simplices

- Mark all such simplices as “bad simplices”
- Create a cavity by identifying the non-shared facets of the bad simplices
- Remove any invisible facets from the cavity
- Connect the facets of the cavity to the newly inserted point to create new simplices
- Remove all bad simplices
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Practical Application: Bowyer-Watson Algorithm

5. Repeat step 4 until all points have been inserted
6. Remove all simplices which contain vertices that belong to the original bounding box

• Key idea: evaluating if a point lies inside of the circumhypersphere of a d-simplex requires 
two predicates:

- orientationM predicate
- inhypersphereM predicate

• Here, the natural choice is to evaluate the input metric M at the point being inserted
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M = M(xq)
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Borouchaki-George Approach

• The modified Bowyer-Watson algorithm with metric-weighted predicates is essentially the 
Borouchaki-George approach

Borouchaki, George, Hecht, Laug, and Saltel, “Delaunay mesh generation governed
by metric specifications. Part I. Algorithms,” Finite Elements in Analysis and Design, 1997

Borouchaki, George, and Mohammadi, “Delaunay mesh generation governed by metric
specifications Part II. Applications,” Finite Elements in Analysis and Design, 1997

• The metric field is evaluated at the point being inserted and/or at the vertices of the simplex 
which is being assessed by the inhypersphereM predicate
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Relationship with Labelle-Shewchuk Approach

• Key insight: The Borouchaki-George approach is related to the well-known Labelle-Shewchuk 
approach

Labelle and Shewchuk, “Anisotropic Voronoi diagrams and guaranteed-quality anisotropic mesh 
generation,” Proceedings of the Nineteenth Annual Symposium on Computational Geometry, 
2003

• The Borouchaki-George approach uses circumhyperspheres
• The Labelle-Shewchuk approach uses Voronoi cells
• The computational cost of both approaches is low, as no geodesic calculations are required
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Duality of Voronoi Diagrams and Delaunay Triangulations

[6]
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Duality of Voronoi Diagrams and Delaunay Triangulations

• Key idea: the vertices of anisotropic Voronoi cells coincide with the centers of hyperellipsoids 
associated with each simplex in the anisotropic Delaunay mesh
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Relationship with Labelle-Shewchuk Approach

• Key insight: the Labelle-Shewchuk approach based on anisotropic Voronoi diagrams is 
preferred to the Borouchaki-George approach based on circumhypersphere tests

• Reasoning: the mathematical properties of anisotropic Voronoi diagrams are easier to 
understand and assess relative to the mathematical properties of anisotropic 
circumhyperspheres (hyperellipsoids)

- Anisotropic Voronoi cells are effectively dual polytopal proxies for hyperellipsoids
- Undesirable intersections between anisotropic Voronoi cells are easier to characterize 

and prevent
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Labelle-Shewchuk Approach: Challenges

• Unfortunately, the Labelle-Shewchuk approach is not guaranteed to produce valid meshes in 
all cases …

• The conditions under which this approach will work have been sketched:

Chapter 5 of: Rouxel-Labbé “Anisotropic mesh generation,” PhD Thesis, Université Côte 
d'Azur (2016)

• Rigorous results and associated algorithms are still pending
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Star Consistency

• Key Problem: if the metric field changes rapidly in a small region, then the metric field at 
adjacent inserted points q and r may be very different. In turn, the anisotropic Delaunay stars 
of these points may be inconsistent, i.e. they may not contain the same anisotropic elements

• Star: the collection of elements in a Delaunay mesh which contain a particular point
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M(xq) ⌧ M(xr)
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Star Consistency

• Star inconsistency example:

• Adjacent points q and r may disagree about whether a particular anisotropic Delaunay 
element can be formed, as they will be computing the Delaunay criterion with respect to 
different metrics
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Impacts and Objectives

• Practical Impacts:
- The anisotropic Delaunay criterion will not be enforced in a consistent fashion
- The connectivity of the mesh will depend on the order in which points were inserted
- We lose any mathematical guarantees of optimality

• Long-Term Objectives:
- Construct a valid anisotropic Voronoi diagram using the approach of Labelle and 

Shewchuk
- Extract an anisotropic Delaunay triangulation from the anisotropic Voronoi diagram using 

duality
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Problem Statement

• Informally:
- Determine conditions under which the anisotropic Delaunay criterion can be properly 

enforced--- maintaining consistent stars between adjacent points
- Construct procedure for inserting points in regions where the metric field varies rapidly

• Formally:
- Determine conditions under which the Labelle-Shewchuk Voronoi diagrams and the well-

studied Riemannian Voronoi diagrams are combinatorially equivalent
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M(xq) ⇠ M(xr)
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Background

• Riemannian Voronoi diagrams have already been investigated
• Mathematical guarantees and conditions regarding the existence of anisotropic Delaunay 

triangulations have already been obtained:

Boissonnat, Rouxel-Labbé, Wintraecken, “Anisotropic triangulations via discrete 
Riemannian Voronoi diagrams,” SIAM Journal on Computing, 2019

• Constructing meshes directly using this approach is difficult; it requires the computation of 
approximate geodesics in metric space
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Background

• Approximate geodesic computations are expensive, and involve many evaluations of the 
metric field in relatively small regions of space

• Some clever approaches exist however:

Campen, Heistermann, and Kobbelt, “Practical anisotropic geodesy,” In Proceedings of the 
Eleventh Eurographics/ACMSIGGRAPH symposium on Geometry Processing, 2013

• We hope to bypass this entirely by constructing a Labelle-Shewchuk approach with rigorous 
theoretical guarantees
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Landscape of Delaunay Methods
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Delaunay methods

Bowyer-Watson Borouchaki-George

Labelle-Shewchuk

Riemannian

Fortune

Triangulation

Voronoi Diagram

Anisotropic Delaunay methods

Triangulation

Voronoi Diagram
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Important Proofs

51

Labelle-Shewchuk

Riemannian

Triangulation

Proof of Equivalence: 
We can recover the 
exact Riemannian 
Voronoi diagram from 
the Labelle-Shewchuk 
diagram. Demonstrate 
combinatorial 
equivalence of Voronoi 
diagrams.

Proof of Validity: 
We can recover a 
valid mesh of non-
degenerate, non-
overlapping 
elements from the 
Labelle-Shewchuk 
Voronoi diagram.
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Subsequent Problems

• Problem 1: Construct a computationally tractable algorithm for increasing the protection of 
anisotropic Delaunay meshes. Derive mathematical guarantees on the amount of protection 
provided.

• Problem 2: Identify the particular class of space-time problems for which the protected 
anisotropic Delaunay meshes are optimal.

• Problem 3: Determine if the flip graph (or extended flip graph) in four dimensions is 
connected for a finite number of points. In other words, can we transform any mesh of a 
finite set of points into any other mesh of the same points through basic or extended flip 
operations?
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The Flip Graph Problem

• Previous work:
- The flip graph and extended flip graph are guaranteed to be connected in 2D
- Connectedness of the flip graph and extended flip graph in 3D and 4D is unknown
- The flip graph is not connected in 5D (Santos 2000, 2005)

- Key result: The flip graph of the tesseract (4-cube) is connected

Pournin, “The flip-graph of the 4-dimensional cube is connected,” Discrete & 
Computational Geometry, 2013

[7]
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Summary

• Objective: establish a strong mathematical framework for generating optimal, Delaunay 
space-time meshes. In turn, this requires mathematical results governing the construction of 
protected, anisotropic Delaunay meshes for finite sets of points

• Key problems:
a) Establishing combinatorial equivalence of Voronoi Diagrams
b) Establishing computationally tractable algorithms for increasing protection
c) Identifying classes of space-time problems for which meshes are optimal
d) Establishing connectedness of the flip graph
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