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Scope of the talk

@ A fourth order space discretization based on finite differences for
1D-parabolic problems

@ Justification of the convergence order in some important norms.
[llustrations

© Extension to several dimensions

@ Work in progress
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1D-Parabolic Problems (Advective form)

The 1D-version of the PDE parabolic problem is
(PDE) wu(x,t) = Lu+r(x,t,u), x€Q=(0,1), tel*=(0,t7],
Lu(x,t) = a(x, t) Oxu + b(x,t) Oxu (Advective form)
a(x,t) >a>0, (x,t) e A xI*
(BCs) w(0,t)=p(0,t), wu(l,t)=p(1,t), tel*,

(IC) u(x,0) =g(x), xe€Q,
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Spatial Semidiscretization based on central differences

1

(PDE) (1) = £O0i(e) + rg. ), x5 =y h=Bx = s

£®vi(t) = 3i(t) 0 v; + by(t) oy,
aj(t) = a(va t)v bj(t) = b(Xj’ t)> VJ(t) ~ U(Xj7 t)
(BCs) w(t) =p5(0,t), vme1(t)=pB(1,t), tel*,

IC)  v(0)=glx), j=12,....m
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Simple fourth Order Spatial Semidiscretization

£0vi(t) = 2i(t) 8Pv; + by(2) 8"

—(vj—2 + vj+2) + 16(vj—1 + vj41) — 30y
ath) 12h? ’

xx Vi =

2<j<m-1

Vi-1—2vi+ v

j=1andj=m,

h2 ’
( (vi_o — Vvigo) — 8(viiy — v;
. (vj—2 Vj+2)12h(vj—1 VJ+1)7 2<ji<m—1,
Oxvj =
J —ijl"i_VjJrl . H—
e Jj=1landj=m.
\

My J O?), j=1landj=m
(L—L )uJ(t)—{O(h4), e
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Why a fourth order stencil? (Accuracy and Stiffness)

For 2D-parabolic problems in rectangular domains
ur(X,t) = Au+ r(x, t,u), with (Dir.BCs) and (IC)

@ The second order stencil based on central differences makes use of N*
grid-points to get accuracy O(N™%). Ax = Ay = N2
@ The fourth order stencil makes use of N? grid-points to get a similar
accuracy. Ax = Ay = N1
© Additionally, the stiffness for the second option is enormously reduced
and this allows time integrations with some explicit methods.
@ Stiffness with the second order stencil to get accuracy O(N~*)

Apipy & ——— — ——=~ —8N*  Ax=Ay=N"2

@ Stiffness with the fourth order stencil to get accuracy O(N™%)

4 4

Amin ¥ ~ A3 T p2

~—8N?, Ax=Ay=N"!
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Why a fourth order stencil? (Accuracy and Complexity)

The time integrations of the resulting ODE with ADI-type methods involve

@ The solution of N? tridiagonal systems of dimension N? per
integration time-step with the second order stencil.

Accuracy = O(N™*) & Comput Costs = N2.O(N?) flops/integ. step

@ The solution of N penta-diagonal systems of dimension N per
integration time-step with the fourth order stencil.

Accuracy = O(N™*) <> Comput Costs = N - O(N) flops/integ. step
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Positivity (TVD)

A space discretization

Vi(t) = A(t) v(t), A(t) = (aij(t)i<ijcm, tel”,

is positive iff
a;J(t)ZO, Vi#j, tel”.

@ The second order stencil is positive in absence of advection.

@ The fourth order stencil is not positive in absence of advection.

@ For parabolic problems this fact does not appear to be of major
concern.

@ It can be a problem for advection dominated problems with steep
fronts and reaction terms.
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Positivity (TVD) of the fourth order stencil

Ur = Uy, 0<x<m te]o,

u(x,0) = sin?(40x),

u(x,t)

-0.5
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The local truncation error

@ The discretized ODE
V(t) = LMV 4 ry(t, V) = Jp()V + Bu(t) + r(t, V)
Bh(t) stems from the Dirichlet boundary conditions.
® The PDE solution U(t) = (u(x;, t))/, satisfies
U(t) = LU + ry(t, U) = LD U(t) + ra(t, U) + op(t)
where op(t) represents the local truncation error. In our case

an(t) = (£ = LM)U(2)

@ Observe that both £ and £(" include the Dirichlet BCs.
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Ingredients for convergence in 1D-problems

We focus on the simplest case £ = 4 with Homogeneous Dirichlet BCs.

on(t) = U(t) — (D U(t) + r(t, U)),

—24
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Ingredients

Standard result of convergence in norms

Theorem (A)
lon(t)]| < ChP; |leP>|| < K; (t>0, h>0)

Implies
|U(t) — V(t)|| < K*hP, (t, h>0)

But we use a refined result [Hundsdorfer-Verwer, 2003]

Theorem (B)

an(t) = hP(Dxc&(t)+n(t): €N IEIL Il < Ci [lef™|| < K; (£ >0, h>0)

Implies
[U(t) = V(1) < K*h?,  (t, h>0)
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First assumption in Theorem (B)

@ The local truncation error satisfies

h2
on(t) = 15 (Ohulx1, )& + O ulsm, t)em ) + O(hY)

@ We have to express the local error as

on(t) = h* (D £n(t) + 1(1)),
e with bounded functions £,(t) and n,(t). This is equivalent
h2 h2
WD €M) = ——&0%u(x1,t),  h*Du ™ = ——&,0%u(xm, t).
12 12
@ This leads to
éxxé(l) = éi, 5XX£(m) = é;m 5xx = thXX
En(t) = —35 (OFu(xa, )EW + OFu(xm, )0
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First assumption in Theorem (B)

The linear equation for £ = £() reads

—& 04+16&_1—-30& 41641 —§42=0 for j=2,....m—1

together with

§0=0, &m1=0, S —-2LG+&L =1 &m1—2&{m+E&mp1=0.

The characteristic equation of the recurrence relation is
0=p"~16p>+30p° - 16p+1=(p—1)*(p* —14p+1),

and has a double root at p = 1 and single roots at
po =743~ 00718 and p;! =7+ 4V/3.

The general solution is

g =a+bj+cph+dpy.
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First assumption in Theorem (B)

@ The coefficients a, b, ¢, d are given by

1
c= d=—cpi™.

(1—p0)2(1—p"%)

(1—p3m) _ =M= e

(1 po)2(1—pg"%) (1= po)2(1—pg~")
@ Since pg =7 — 4v/3 ~ 0.0718 is small, we have

&~ (=1+x)/(1 = po)*,

© which is clearly bounded for j = 0,...,m+ 1 and arbitrary
h=1/(m+1)>0.
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Second assumption in some £,-norms

@ It is well known that for any operator matrix norm || - ||,

T+ €eAl-1
e < et vi>0, plA]l = lim————=
€l0 €

where A is a square real matrix and p[A] is its logarithmic "norm”.
@ The smallest constant satisfying ||e™| < ef¢, Vt > 0is ¢ = u[A].

@ For matrices A = D,, the norms induced by the vector weighted
Euclidean norm and the Euclidean norm coincide,

m
IVIEs=h)_lv*= VI3

Jj=1

1
M2,h[DXX] = /’L2[DXX] = /\max(a(Dxx + D)I()) < -9, Vh>0.

This fact allows to apply the Theorem with constant K = 1 = sup,>¢ e 9t

S. Gonzélez-Pinto

4th order stencil for parabolic PDEs May 18, 2026



Second assumption in some £,-norms

h=1/(m+1) | p2[Ded | foo[Dicd

1/10 -9.7750 | 3.3333e+01
1/20 -0.8242 | 1.3333e+-02
1/40 -9.8470 | 5.3333e+-02
1/80 -0.8583 | 2.1333e+-03
1/160 -9.8639 | 8.5333e+4-03
1/320 -0.8668 | 3.4133e+04
1/640 -0.8682 | 1.3653e+05
1/1280 -0.8689 | 5.4613e+05
1/2560 -0.8693 | 2.1845e+-06
1/5120 -9.8694 | 8.7381e4-06

Table: Logarithmic "norms” (euclidean and maximum norms) of the matrices D,
for different values of m.

We have shown that

lim p2[Du] = =72, fioo|Dxx] =
m—o0
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Boundedness in {,-norm (from the ¢,-norm)

@ Recall that
m
|Ullzn = \[AD_IUR (Ul = max_[Uf.
—
o [t holds 1
) < NUlloo < —||U .
[Ul|2,n < [|U]] 7 [ Ul]2,

@ The error
errm(t) = Vm(t) — Un(t),

@ Vp(t) is the exact solution of the m-dimensional ODE
Um(t) = (u(xj, t)[2; and u(x, t) is the exact solution of the PDE

lerrm(t)||lan < ch*e™®, Vh t>0

because of 112 p[Dyxx] < —9.
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Boundedness in ¢,.-norm

Consequently

errm(t)|oo < ch®>%e™%, Vh, t > 0.
|errm(t)|l

Additional result of convergence

Assume u(x,0) = g(x) € L?(0,1), r(t,u) = 0. Then, for any fixed ty > 0
there exist a positive constant Ky such that for

llerrm(t)|loo < Ko h*, Vh >0, t> to.
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Some numerical examples

PDE model
ur(x,t) = ug;  u(0,t) =u(l,t)=0; u(0,x)=g(x); t>0,0<x<1.

Exact PDE solution is given by

0 1
u(x, t) = Z ane " tsinnrx, o, = 2/ g(x) sin nmxdx.
n=1 0

Q g(x) =4x(1—x), u(x,t)= (3)3 3o D™ (7Pt i

n=1 n3

{g(X):1(0<X<1)7 g(0)=g(1)=0

_1\n+1 .
u(x, t) =230, LED™ o=t gin prx
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Some numerical examples. Example 1

h=1/(m+1)  |errm(t")ll2,n lerrm(t*)]
1/5 0.47129E-05 0.62571E-05
1/10 0.19372E-06  24.32 0.26934E-06  23.23
1/20 0.84376E-08  22.95 0.11777E-07 22.87
1/40 0.40496E-09  20.83 0.56775E-09  20.74
1/80 0.21403E-10  18.92 0.30114E-10 18.85
1/160 0.12147E-11  17.62 0.17130E-11 17.57
1/320 0.72045E-13  16.86 0.10174E-12 16.83
1/640 0.43742E-14  16.47 0.61817E-14 16.45

Table: Euclidean and maximum norm of the errors, ODE solution minus PDE
solution, at time t* = 1, for different values of m and the initial function given by

g(x) =4x(1 - x).
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Some numerical examples. Example 2

h=1/(m+1)  |lerrm(T)l2 lerrm(T)lloo
1/5 0.52044E-05 0.69002E-05
1/10 0.21711E-06  23.97 0.30134E-06  22.89
1/20 0.95542E-08  22.72 0.13319E-07  22.62
1/40 0.46293E-09  20.63 0.64856E-09  20.53
1/80 0.24645E-10  18.78 0.34662E-10 18.71
1/160 0.14053E-11  17.53 0.19814E-11  17.49
1/320 0.83595E-13  16.81 0.11804E-12 16.78
1/640 0.51007E-14  16.38 0.72025E-14  16.38

Table: Euclidean and maximum norm of the errors, ODE solution minus PDE
solution, at time T =1, for different values of m and the initial function given by
g(x) =1 (discontinuous at the border).
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Convergence in 2D-PDEs. A simple 2D-case

@ We focus on the simplest case £ = 0.« + 0y, with Dirichlet BCs.

ue(X, ¥, t) = Uee + tyy, (x,¥) € 2=(0,1)%, t € (0,t],
u(x,y, t) =B(x,y,t), (x,y) €09, t € (0,t7],
u(x,y,0)=g(x,y),  (xy) €

@ In this case the spatial operator is £(/) = 8}0’:) + 8)(,}/1) + B(h)(t)
W = LMW = (Do +D,, ) W+5M(t), W(0)=U(0), te(0,t]

@ where

DXX — Imy & Dxxa Dyy = Dyy & ImX,
VVI,J(t) = Ul,_/(t) = u(Xi7yja t)v
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Convergence in 2D-PDEs. A simple 2D-case

@ We cannot apply the convergence Hundsdorfer-Verwer theorem (B),
in spite of the fact that the second assumption is satisfied

|efP=tP||, = ||e™PmetPr |, < ||e P, - [[e ], < 7', £ >0,

@ the first assumption is violated in case of non-homgeneous Dirichlet
BCs (consider Ax = Ay = h)

op(t) = (Oxx — Dxx)U + (8yy - Dyy)U = h4((Dxx + Dyy)fh(t) + nn(t)
[€n(D)], # O(1) or  Ina(t)ll, # O(1).
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Extension to several dimensions. From 1D to 2D PDEs

@ We consider 3 problems and Dirichlet BCs to apply 1D-results:

(Pl) (:j:8XXU+8yyU+B( ( )7 ( ) (g(XH.yJ 0))’J’
(P2) V =DxV +0,U+50(t),  V(0)=U(0),
(P3) W =D W+ Dy, W+ 50(t), W(0)= U(0)

@ The local truncation error of (P») regarding (P1) is
oax(t) = (O — D) U = Ax*(Dcla(t, Ax) + m(t, Ax))

@ From the 1D-results, for each y, we have that

V("y7 t) - U('ﬂyv t) = AX4¢1('7y7 t)a 1/}1(")4 t) = 0(1)

V(t) = U(t) = Ax*W(t),  Wi(t) = (%1, 5. 1))j=1n = O(1)
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Extension to several dimensions. From 1D to 2D PDEs

@ By inserting this in (P>)
(P2) V=DV +0,V+80(t) — Ax*d,,Vi(t), V(0)= U(0)
(P3) W =Dy W +D, W+ 3M(t), W(0) = U(0)
@ The local truncation error of (P3) regarding (P) is
oay(t) = (9yy — Dy)V — Ax*,, Wi(t) =
(Oyy = Dyy)(U + Ax*Wy(t)) — Ax*d,, Wy (t) =
Ay*(Dyy&a(t) +m2(t)) — Ax*Dy, Wa(t)
@ From 1D-results (by using that all, £&(t),n2(t) , V1i(t) = O(1))
W(t) — V(t) = O(Ay*) + O(Ax*)

@ From the results above

W(t)-U(t) = (W(t)- V(1) +(V(t)-U(t)) = O(Ay*)+0O(Ax*) O
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Research in Progress

© To get additional convergence results in the Maximum norm,
particularly for non-homogeneous Dirichlet BCs (a(x) > 0)

ur = a(x) U + b(x) ux + r(x,t), (Advective form)
and
ur = (a(x) ux)x + (b(x) u)x + r(x,t), (Conservative form)

@ To extend the results to the mD-case with a mild reaction term.

© Extension to the case of parabolic problems with mixed derivatives in
hyper-rectangles. Applications in Finance (Heston Model).
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