Error estimation for implicit-explicit
general linear methods

Giuseppe Izzo !

1. Dipartimento di Matematica e Applicazioni “R.Caccioppoli”,
Universita degli Studi di Napoli Federico II, Italy

May 21, 2025

Part of this work is joint with Z.Jackiewicz (ASU, USA) and A. Cardone (Unisa, Italy)

G020 Conference on Scientific Computing and Software
May 19-23, 2025, Marsalforn, Gozo, Malta

le-mail: giuseppe.izzo@unina.it



Outline
°

@ Implicit-explicit General Linear Methods
@ Partitioned System
@ Order and Stage Order

© Some Motivation

© Local discretization error for IMEX GLMs
@ Local error estimation for IMEX GLMs
© Nonuniform Grid

@ Rescaling the external approximations

@ Numerical Experiments

© Concluding Remarks




IMEX GLMs
.

@ Implicit-explicit General Linear Methods
@ Partitioned System
@ Order and Stage Order




IMEX GLMs
o

Implicit-explicit General Linear Methods

Let us consider the following differential problem

Y () =) +g((), t€lt,T],

ey

y(to) = yo € R,

Where
o f:R? — R? represents the non-stiff processes

o g:RY — R represents the stiff processes.
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Implicit-explicit General Linear Methods

Let us consider the following differential problem

Y () =1(@) +g((1)), t€lw,T],

ey

y(to) = yo € R,

Where
o f:R? — R? represents the non-stiff processes <— explicit method

o g:RY — R represents the stiff processes. <— implicit method
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Partitioned System

The problem

f(y(t)) +g()7(t))a re [thT]v

y(to) = yo € R,

can be written as a partitioned system of the form

X(0) =F(x(1). (1)),
Z/(t) = g(x l),Z(l‘)), e [l(), T],
x(to) = x0,2(t0) = 20-

where

y=x-+2z, Yo=X0+ 20,
fx,z) =f(x+2), gz =gx+z),
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Partitioned System

The problem

Y () =f(@) +g((1), 1€ lw,T],
y(to) = yo € RY,

can be written as a partitioned system of the form

:]?( (1),2(1)),
g( (t,zt) t € [to, T},

where

b=x+2 yo=xo0+20,
fx,2) =f(x+2), 8xz) =gkx+z),
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Partitioned System

Implicit-explicit General Linear Methods

n+1 hZ ufY[nH] +hza,]g Y]n+1 +Z“Uy/ L i=1,2,...,s5,

HrHl hz<b;f [n+1])+bg( [n+l] >+ZVUyJ , i=1,200r

n=0,1,...,N — 1. Where

VY = y(t, 4 eh) + O, i=1,2,0
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Implicit-explicit General Linear Methods

"‘H hZ ayf Y[n—H] —|—hZa,]g Y]n-H —|—Zu,]y, ,i=1,2,...,s,

HrHl hz<b;f [n+1])+bg( [n+1] >+ZVUyJ , i=1,200r

n=0,1,...,N — 1. Where
VY = y(t, 4 eh) + O, i=1,2,0

and

W = zqkw +zqkhk(k) VoW, i1,




Partitioned System

Implicit-explicit General Linear Methods

Y‘[n—i- 1]
1

hZW +h2l: (") +ZW’” =12
yl[n—i-l] hZ(.f n+1 + "+1])+Zvl . i=1,2,...,r,

n=0,1,...,N — 1. Where

v = () + O, i=12 s

and

Z-hk(k>tn+2lhk<’<> JHOWHY), =12,

k=0




Partitioned System

Implicit-explicit General Linear Methods

n+l hz gf n+1 +hzazjg n+l] +Zuljy[n] i— 7”.,7

S hZ(uf n+1)+bu y+1l) )+Zvyyj7 i=1,2,...,[7

n=0,1,...,N — 1. Where
v =yt eh) o), i=12,...H

and

quhk (; +quhk O)+olw ), i=1.2...@




Partitioned System

Implicit-explicit General Linear Methods

1] 1 1] :
Yt hZ UfY[H] —|—hZa,]g Y]n+ —|—Zu,]y, L i=1,2,...,s,

HrHl hz<b;f [n+1])+bg( [n+1] >+ZVUyJ , i=1,200r

n=0,1,...,N — 1. Where
VY = y(t, 4 eh) + O, i=1,2,0

and

W = zqkw +zqkhk(k) VoW, i1,

@ Usually, starting and finishing procedures are needed,
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Partitioned System

Implicit-explicit General Linear Methods

y/t hZ ayf Y[n—H] —|—hZa,]g Y]n-H —|—Zu,]y, Li=1,2,.. s,
[n+1] hz<l’;f Y[”+1]) 1D 8( Y[n+1] ) Z"uyj . i=1,2,...,r,
j=1

n=0,1,...,N — 1. Where
VY = y(t, 4 eh) + O, i=1,2,0

and

W= quhk(k) +quhk(") y+OortY), i=12,..r

@ Usually, starting and finishing procedures are needed,
but they can be avoided in particular cases.
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Order and Stage Order

Introducing the vectors

i e 0
y[n} = ) Y[n—H] = : ) f(Y[n—H]) = : )
yLn} YS['H-I] f(Ys[”‘H])
g(Y{nH}) qik qik
g(YI ) = : o= |, @= |,
g(Ys[nJru) drk 2irk

and the matrices

A =az), A=T[ag, U=[uy], B=[bs], B=[by], V=l
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Order and Stage Order

Implicit-explicit General Linear Methods

The method can be written in a more compact form

Y+l = (A @ DF (Y1) + n(A @ Dg(YP+1) 4 (U@ Dy,
2
Y = h(B @ Df (Y1) + (B @ Dg (Y1) + (Ve Dyl

n=0,1,...,N—1,Ie R
Where
Yt = y(1, + ch) + O(hIT),

and

p p
W= (@@ DEO (1) + ) (@ @ DA W (1) + 0,
k=0 k=0

FepERICO i



IMEX GLMs
[eleY Yo}

Order and Stage Order

Implicit-explicit General Linear Methods

The method can be written in a more compact form
Yl = p(A @ DF (Y1) + h(A @ Dg(YP+) 4 (U Dy,
YT = h(B @ DF (Y1) 4+ n(B @ Dg (Y1) + (Vo Dy,

n=0,1,...,.N—1,Ie R
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Order and Stage Order

Implicit-explicit General Linear Methods

The method can be written in a more compact form
Yl = p(A @ DF (Y1) + h(A @ Dg(YP+) 4 (U Dy,
YT = h(B @ DF (Y1) 4+ n(B @ Dg (Y1) + (Vo Dy,
n=0,1,...,.N—1,Ie R

We are assuming that both methods, explicit and implicit, have the same
coefficients matrices U and V, and share the same abscissa vector c.
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Order and Stage Order

Implicit-explicit General Linear Methods

The method can be written in a more compact form
Yl = p(A @ DF (Y1) + h(A @ Dg(YP+) 4 (U Dy,
YT = h(B @ DF (Y1) 4+ n(B @ Dg (Y1) + (Vo Dy,
n=0,1,...,.N—1,Ie R
We are assuming that both methods, explicit and implicit, have the same

coefficients matrices U and V, and share the same abscissa vector c.

IM, order p and stage order g = p
EX, order p and stage order g = p
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Order and Stage Order

Implicit-explicit General Linear Methods

The method can be written in a more compact form
Yl = p(A @ DF (Y1) + h(A @ Dg(YP+) 4 (U Dy,
YT = h(B @ DF (Y1) 4+ n(B @ Dg (Y1) + (Vo Dy,
n=0,1,...,.N—1,Ie R
We are assuming that both methods, explicit and implicit, have the same

coefficients matrices U and V, and share the same abscissa vector c.

IM, order p and stage order g = p
= IMEX, order p and stage order g = p

EX, order p and stage order g = p
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Order and Stage Order

Implicit-explicit General Linear Methods

P
W= @ o DO (@) +

(@ @ DN (1) + o)

FepERICO i



IMEX GLMs
oooe

Order and Stage Order

Implicit-explicit General Linear Methods

p

P
Yl = Z<qk®l Yk ( +Z aQ @ DIk (1,) + o)
k=0 k=0

can be written as

Y = (W@ Dx(h, t,) + (W @ Dz(h, 1,) + O(h"+1),

where i ] ] _
X(t) Z(I)
hx’ t hZ/ ¢
x(h,t) = ( ) () = ( ) ’
i mPxP) (1) | I hZP) (1) |
and .
Welaw el W=ld@ g oo
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Example: Numerical Results for Shallow water model

9 o
9t 9y =
o T o) =0

9 o) 1 1 (n
—(W)+ = (h+=h*) === —h
Ot(v)+0x<+2 > 5<2 v),

where 4 is the water height with respect to the bottom and Av is the flux.

We use periodic boundary conditions and initial conditions at fp = 0

1 1
h(0,x) =1+ gsin(87rx), hv(0,x) = §h<0’ x)?, withx € [0,1].
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Example: Numerical Results for Shallow water model

9 o
9t 9y =
o T o) =0

5, 0 1 1 [
—(W)+ = (h+=h*) === —h
8t(v)+0x<+2 > 5<2 v),

where 4 is the water height with respect to the bottom and Av is the flux.

We use periodic boundary conditions and initial conditions at fp = 0

1 1
h(0,x) =1+ gsin(87rx), hv(0,x) = Eh(O,x)z, with x € [0, 1].

The space derivative was discretized by a fifth order finite difference weighted
essentially non-oscillatory (WENQOS)
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Shallow water model - NX =201 - = 10~

logio(|len(to)II)

T

T T
2k i
4 —k— IMEX-RK2 J
—(— IMEX-DIMSIM2A
—/— IMEX-DIMSIM2L
'6 1 1 1 1 1 1 1 1
44 42 -4 -38 36 -34 32 -3 2.8
logio(h)
2 i
4+ i
-6 —¥— IMEX-RK3 1
—C— IMEX-DIMSIM3A
8t —/— IMEX-DIMSIM3L | |
1 1 1 1 1 1 1 1

-3.6
lOgl[)(h)

-3.4 -3.2 -3
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Shallow water model - NX =201 - = 10~

O T T T T T T “ ------ N
= eoforderp=l_ . ___._.—.—o—g—rmemims =
=-2r — = |
)

4 |
Z6f A
g —¥— IMEX-RK4
i —(— IMEX-DIMSIM4A

1 1 1 1 | | I 1

-3.8 -3.6 -3.4 -3.2 -3 -2.8 -2.6 -2.4 -2.2
logm (h)
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Construction of methods: Absolute stability

We require the implicit part to be A-stable or L-stable.

2

Im()
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Construction of methods: Absolute stability

We require the implicit part to be A-stable or L-stable.

2|

Im()
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[e]e]ele]e] Jelelele]

Construction of methods: Absolute stability

We require the implicit part to be A-stable or L-stable.

2|

Im()

-3 = -1 0 1
Re()

Sufficient condition based on the Schur criterion and the maximum modulus
principle.
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Absolute stability of the IMEX method

We apply the method to the linear test equation

Y (1) = Xoy(t) + Aiy(r), >0,
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Absolute stability of the IMEX method

We apply the method to the linear test equation

Y (1) = Xoy(t) + Aiy(r), >0,
to obtain the recurrence relation

y[n+1]:M(107Z1)y[n]7 I’l:(),l,...,




Some Motivation
0000008000

Absolute stability of the IMEX method

We apply the method to the linear test equation
Y(t) = Xoy(t) + Aiy(t), 120,
to obtain the recurrence relation
W = M(zg, 209", n=0,1,...,
where zo = h\g, z1 = h\j, and the stability matrix M(zo, z;) is defined by

M(z0,z1) = V + (20B + z:B*) (I — 20A — z;A™)"'U.
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Absolute stability of the IMEX method

We apply the method to the linear test equation
Y(t) = Xoy(t) + Aiy(t), 120,
to obtain the recurrence relation
Y =Mz, 1)y, n=0,1,...,
where zo = h\g, z1 = h\j, and the stability matrix M(zo, z;) is defined by
M(z0,z1) = V + (20B + z:B*) (I — 20A — z;A™)"'U.

We also define the stability function p(w, zo, z;) of the IMEX scheme as the
characteristic polynomial of M(zg, z1), i.e.,

p(w,z0,21) = det (WI - M(ZO,zl)).
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To investigate such methods we consider the sets
Sy = {Zo € C: the IMEX GLM is stable for any z; € Aa},
where the set A, C C is defined by

Av={z€C: Re(z) <0 and [Im(z)| < tan(a)|Re(z)|}.
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To investigate such methods we consider the sets
So = {Zo € C: the IMEX GLM is stable for any z; € Aa},
where the set A, C C is defined by

Ay ={z€C: Re(z) <0 and [Im(z)| < tan(a)[Re(2)]}.

-

-
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To investigate such methods we consider the sets

So = {Zo € C: the IMEX GLM is stable for any z; € Aa},
where the set 4, C C is defined by

Ao = {z €C: Re(z) <0 and |Im(z)] < tan(a)\Re(z)]}.
It follows from the maximum modulus principle that S, has a simple
representation given by

S — z0 € C : the IMEX GLM is stable for any
’ a1 = —lyl/tan(a) +iy, yeR |
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For fixed values of y € R we define also the sets

S z0 € C : the IMEX GLM is stable for fixed
a1 = —[y|/ tan(a) + iy '

EDERICO 1]
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0000000080

For fixed values of y € R we define also the sets

S z0 € C : the IMEX GLM is stable for fixed
oy — ) .
71 = —|y|/ tan(a) + iy

Observe that

So =) S
yeR

EDERICO 1]
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For fixed values of y € R we define also the sets

S z0 € C : the IMEX GLM is stable for fixed
a1 = —[y|/ tan(a) + iy '

Observe that
So =) S
yeR
3
251
ol
éo 15




Some Motivation
0000000008

Observe also that the region S, o is independent of «, and corresponds to the
stability region Sg of the explicit method, Sg.
We have

Sa - 8E7

Im(zo)
o

We will look for IMEX GLM:s for which the stability region S, contains a
large part of the stability region Sg of the explicit method.
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Local Error (LE)
0®00

Local Discretization Error

@ 7)(t, h) +— Local Error for Stages Y!"!

o &(ty,h) <— Local Error for external approximations y!”!




Local Error (LE)
0®00

Local Discretization Error

@ 7(t,, h) +— Local Error for Stages Y1
o &(ty,h) <— Local Error for external approximations y!”!
Since
Y = (5, 4 ch) + O(RPHY),
W= (W @ Dx(h, ) + (W @ Dz(h, 1) + O™,

and
YW = (W@ D)x(h, ts1) + (W @ Dz(h, tyg1) + O,




Local Error (LE)
0oeo

Local Discretization Error

@ 7)(ty, h) «— Local Error for stages Y [n+1]
@ &(ty,h) «— Local Error for external approximations ylrtl

For a scalar problem we have

2(ty + ¢h) — hAZ (1, + ch) — UWz(h, 1,) + O(h’+1)

and

E(tash) = x(ty + ch) — KBX (1, + ch) — VWx(h, 1,)+
2(ty + ch) — hBZ (1, + ch) — VWz(h, 1,) + O(h**1)




Local Error (LE)
ocooe

Local Discretization Error

Assume that IMEX GLM (2) has order p and stage order g = p. Then the
local discretization errors &(t,, h) and 1)(t,, h) are given by

E(tn, h) = Bpp 1 PP (1) + Gy P20 (1) + O(HPF2),

Mty 1) = T2 (1) + Bt 20 (1) 4+ O(HH),




Local Error (LE)
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Local Discretization Error

Assume that IMEX GLM (2) has order p and stage order g = p. Then the
local discretization errors &(t,, h) and 1)(t,, h) are given by

E(tn, h) = Upt XD (1) - LD (1) + O(HF),
Mt h) = Pprt 150D (1) + Bt 120D (1) 4+ O(WH2),
where 1,1, @ZPH’ ©p+1, and Pp41, are given by

~

~cP

P P
QU ¢~ q
b1 =3 e B = B
—~ (p+1—k)! p! —~ (p+1—k)! p!

B cerl Acp R _ cerl ch
L P S T R s P S TR

7

oot



LE Estimate
eo

@ Local error estimation for IMEX GLMs




LE Estimate
oce

Assume that IMEX GLM (2) has order p and stage order g = p. Then

LD (1)) = hz (a] n-H] ) + 5]f( )) + o +?)

and

W10+ () = hz (ajg(l/j["+1]) _i_ﬁjg(yj[n})) + o),
=1




LE Estimate
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Assume that IMEX GLM (2) has order p and stage order g = p. Then

hp+1x(p+1 _ hz (aj n+1 +5]f( >) + oY)

and
S

W10+ () = hz (aj g(Y/[n+1]) 1B g(Yj[”})> + o),
=1




LE Estimate
oce

Assume that IMEX GLM (2) has order p and stage order g = p. Then

hp+1x(P+l _ hz (a] n+1 + ﬁ]f( )) + O(hp+2)

and
S

W10+ () = hz (aj g(Y/[n+1]) 1B g(Yj[”})> + o),
=1

where oy and B, j = 1,2, ..., s, satisfy

N

> (O‘J‘CJI‘H1 + Bilej — 1)k_1> =0, k=12,...,p,

J=1

ZS: (O‘fcf L Bile = 1)”) .

J=1 P! 2
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Nonuniform Grid

IMEX GLMs on Nonuniform Grid

o<t <---<ty, tN>T, hy=ty1—t,, n=0,1,...,N—1,




Nonuniform Grid

IMEX GLMs on Nonuniform Grid

o<t <---<ty, tN>T, hy=ty1—t,, n=0,1,...,N—1,

Y = (A @ Df (Y1) + by (A @ Dg (Y1) + (U@ Dyl
(3)
Y = p,(B @ D (YY) 4 h,(B @ Dg (Y1) + (V@ Dyl
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Nonuniform Grid

IMEX GLMs on Nonuniform Grid

o<t <---<ty, tN>T, hy=ty1—t,, n=0,1,...,N—1,

Y = (A @ Df (Y1) + by (A @ Dg (Y1) + (U@ Dyl
(3)
Y = p,(B @ D (YY) 4 h,(B @ Dg (Y1) + (V@ Dyl

where
Y = y(t, + chy) + O(RPHY),
W = (W @ Dx(h, 1) + (W @ Dz(h, 1) + O(H),
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Nonuniform Grid

IMEX GLMs on Nonuniform Grid

o<t <---<ty, tN>T, hy=ty1—t,, n=0,1,...,N—1,

Y = (A @ Df (Y1) + by (A @ Dg (Y1) + (U@ Dyl
(3)
Y = p,(B @ D (YY) 4 h,(B @ Dg (Y1) + (V@ Dyl

where
Y =y, + chy) + OB,
I = (W @ Dx(h, 1) + (W @ Dz(hy, 1) + O(RPF),
W = (W @ Dx(h, tas1) + (W @ Dz(hy, tag1) + O(R),
and h = max{h, :n=0,1,... ,N}.
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Nonuniform Grid

Assume that IMEX GLM (3) has order p and stage order ¢ = p. Then

hﬁJrlx(erl)(tn) — b, Z (a]f(yj[n-i-l]) 4 BJ(YJ[H])) + O(hp+2>
=1
and




Nonuniform Grid

Assume that IMEX GLM (3) has order p and stage order ¢ = p. Then

hﬁJrlx(erl)(tn) — b, i (a]f(yj[n-i-l]) 4 BJ(YJ[H])) + O(hp+2>

J=1

and
S

2D (1) = by > (g (0 + g (V) ) + 0 2),

J=1

where 6, = hy/h,_1, and o = j(0,) and B; = Bj(0,), j = 1,2,...,s, satisfy

S
. __lk—]
}:wa*+@@}4)):o,kznznwn
n

j=1

s P (e
Z (O‘J iy ﬁj(;;]! 551)1;) -

AP
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@ Rescaling the external approximations




Rescaling
0@0000000

Changing the stepsize h, | — h,




Rescaling
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Changing the stepsize h, | — h,




Rescaling
0@0000000

Changing the stepsize h, | — h,

[n—1]

yl=1) = =1, \/ we can compute yI




Rescaling
0@0000000

Changing the stepsize h, | — h,

$in=2 Sl b
Ih—2 In—1 th




Rescaling
0@0000000

Changing the stepsize h, | — h,

=2 =1l $b
th—2 th—1 i Tnti




Rescaling
0@0000000

Changing the stepsize h, | — h,

yln=2] ylr=1] ylrl
h—2 In—1 t, Int1
o h_s ' Bn1 h,
hn 7é hn—l

X We need to rescale y”! to 3! in order to compute y"t'!




Rescaling
00@000000

Rescaling the vectors of external approximations

Changing the stepsize
hn—l — hn

we need to compute the vector of external approximations 3"/ corresponding
to the new stepsize h,

W = (W@ Dx(ha, 1) + (W @ Dz(hn, 1) + O,
in terms of the vector y!"! corresponding to h,_1, which satisfies

y[n] = (W& Dx(hy—1,1,) + (W @ Dz(hy—1,1,) + O,




Rescaling

[e]e]e] lelelele]e]

Let us define the stepsize ratio
6n = hn/hnfl

and the matrix

D((S):diag([l, 5, - 5p]).

EDERICO 1]
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Let us define the stepsize ratio
6n = hn/hnfl

and the matrix

D((S):diag([l, 5, - 5p]).

Since - _ _ _
x(t) z(1)
= | T =] Y
I mxP) (1) ] I WP zP) (1) ]
it holds

x(hp, ty) = D(0)x(hp—1,t,) and  z(hy,t,) = D(0)z(hy—1,1,).
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The vectors y) and y"l satisfy the relations
W= (W Dx(h, 1, t) + (W@ Dz(hy1, 12) + 00,

and
= (W @ Dx(h, 1,) + (W @ Dz(hn, 1) + O,

So

1 = (W @ DD(0)x(hy—1, 1) + (W @ DD(8)z(hyr, 1x) + O(RF1),
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Strategy #1 - AssummgW Il

Taking this into account y["] and y["] can be written in the form
5 = (WD(6,) W' @1) (WRI)x(hy—1, 1)+ (D(6,) @1) 2(Bip—1, 12) +O(HP )

Y = (W @ D)x(hy_1, 1) + 2(hn_1,1,) + O(HPHY).
It follows that
y[n] _ (D(5n) ® I)y[”] + O(hp‘H)
if
WD(5,)W™! = D(5,).

This is clearly the case if W is diagonal.
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A~

Strategy #1 - Assuming W = [

Taking this into account y["] and y["] can be written in the form
5 = (WD(6,) W' @1) (WRI)x(hy—1, 1)+ (D(6,) @1) 2(Bip—1, 12) +O(HP )

Y = (W @ Dx(hy_1,tn) + 2(hu_1, 1) + O(R'TT).
It follows that
y[ﬂ] — (D(5n) ® I)y[”] + O(h”“)
if
WD(5,)W™! = D(5,).
This is clearly the case if W is diagonal.
Unfortunately this is possible only for methods of order p < 2.
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Strategy #2 - Rescaling x) and z!"!

We consider
Y = (W@ Dx(hy_1,1,) + (W @ Dz(hp_1, 1,) + O(R+Y),
as
y[ﬂ] = x4l O(h”“)
we can rescale the vectors

X = (W Dx(hp—1,1.) + O(hp+l)’
= (W@ Dz(hy_i, 1) + O(RT).

which correspond to the old stepsize A, 1, respectively to %" and z" which
satisfy
x[n] = (W ® I)x(hm tn) + O(hp+l)a

2 = (W@ Dz(hy, 1) + O(RT),

and correspond to the new stepsize A,,.
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Strategy #2 - Rescaling x) and z!"!

Consider
x!"! (WD(0,) @ I)x(hy—i, 1) + O(RP1)
= (WD(6,)W ' @ I)(W @ Dx(hy—1,1,) + O(h"1).
So we have

1 = (WD(6,) W™ @ 1)l

and similarly we obtain
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Strategy #2 - Rescaling x) and z!"!

Consider
X = (WD(6,) @ I)x(ha—r, ta) + O(RP1)
= (WD(6,)W ' @ I)(W @ Dx(hy—1,1,) + O(h"1).
So we have

1 = (WD(6,) W™ @ 1)l

and similarly we obtain

Hence
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Ingredients for construction of methods

o Stability Properties
(e.g. A-stability for the implicit part,
Strong Stability Preservation Property,
Overall linear stability, ...)
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Ingredients for construction of methods

o Stability Properties
(e.g. A-stability for the implicit part,
Strong Stability Preservation Property,
Overall linear stability, ...)

@ Starting Procedure

@ Finishing Procedure
(e.g. Y'Y = y(t, + h) + O(HH1))

o Implementation strategies
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Ingredients for construction of methods

o Stability Properties
(e.g. A-stability for the implicit part,
Strong Stability Preservation Property,
Overall linear stability, ...)

@ Starting Procedure

@ Finishing Procedure
(e.g. Y'Y = y(t, + h) + O(HH1))

o Implementation strategies

We have not focused on construction of methods here, because this approach
is valid for several classes of GLMs.
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Numerical Experiments

Problem 1 - Linear Test Equation
{ Y() = doy(®) + Aiy(),
¥(to) Y0,
with \g = —1, \y = =15,y =1, T = 2, N = 200.

@ Variable stepsizes, chosen according to the formula

h, = p(fl)" sin(47tn /(T—1p)) hp_1, n=1,2,...,N,
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Problem 1 - Linear Test Equation, Variable stepsize
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Problem 1 - Linear Test Equation, Variable stepsize
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Problem 1 - Linear Test Equation, Variable stepsize
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Numerical Experiments

Problem 2 - Prothero-Robinson Equation
{ Y(0) = —p0(0) — o) +¢'(0),
¥(0) = ¢(0),
with p = —10, ¢(¢) = sin(t), T = 2, N = 200.
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Numerical Experiments

Problem 2 - Prothero-Robinson Equation
{ Y(0) = —p0(0) — o) +¢'(0),
¥(0) = ¢(0),
with p = —10, ¢(¢) = sin(t), T = 2, N = 200.

o Constant stepsizes, h, = h = const,
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Numerical Experiments

Problem 2 - Prothero-Robinson Equation
{ Y(0) = —p0(0) — o) +¢'(0),
¥(0) = ¢(0),
with p = —10, ¢(¢) = sin(t), T = 2, N = 200.

o Constant stepsizes, h, = h = const,

@ Variable stepsizes, chosen according to the formula
h, = p(—l)” sin(4wt,/(T—19)) By, n=1,2...,N,

p = 2 for methods of order p = 2, p = 3, and
p = 1.25 for methods of order p = 4.
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Problem 2 - Prothero-Robinson Equation
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Problem 2 - Prothero-Robinson Equation
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Problem 2 - Prothero-Robinson Equation

10°°
®®¢®®®®®®®®®®®®®®®®®®
& 1010 L Ceoe, i
S 10 O,
[<)) ®®
£ O el Bes
x el
101" ‘
0.5 1 15
t
1070 w
200083,
®oeq, 609%° ®%g
° Geeed “g6, SEEE088g
31010} CReeeER ®®®
=4 &
= O el &
x el
10—11 1 1
0 0.5 1 15

t

LEE for IMEX GLM of order p = 4,
Fixed stepsize (top), Variable stepsize p = 1.25 (bottom)




Numerical Experiments
00000000080000000

VS Implementation. Example : Shallow water model

9 o
9t 9y =
o T o) =0

9 o) 1 1 (n
—(W)+ = (h+=h*) === —h
Ot(v)+0x<+2 > 5<2 v),

where 4 is the water height with respect to the bottom and Av is the flux.

We use periodic boundary conditions and initial conditions at fp = 0

1 1
h(0,x) =1+ gsin(87rx), hv(0,x) = §h<0’ x)?, withx € [0,1].
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VS Implementation. Example : Shallow water model

9 o
9t 9y =
o T o) =0

5, 0 1 1 [
—(W)+ = (h+=h*) === —h
8t(v)+0x<+2 > 5<2 v),

where 4 is the water height with respect to the bottom and Av is the flux.

We use periodic boundary conditions and initial conditions at fp = 0

1 1
h(0,x) =1+ gsin(87rx), hv(0,x) = Eh(O,x)z, with x € [0, 1].

The space derivative was discretized by a fifth order finite difference weighted
essentially non-oscillatory (WENQOS)
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IMEX GLM odel5s

5 NX | steps | fevals | sec. | steps | fevals sec.
10~ | 100
10~ | 200
10~ | 400

1072 | 100
1072 | 200
10-2 | 400
10~* | 100
10~ | 200
10~* | 400
106 | 100
10-° | 200
10-6 | 400 @ rmicoi
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IMEX GLM odel5s
5 NX | steps | fevals | sec. | steps | fevals sec.
10-! | 100 | 211 301
10~' | 200 | 303 469
10~ | 400 | 581 660
1072 | 100 | 155 124
1072 | 200 | 265 162
1072 | 400 [ 522 242
10~* | 100 | 550 315
10=* | 200 | 733 563
10~4 | 400 | 1190 994
10=% | 100 | 1300 324
1076 | 200 | 1350 592
1076 | 400 | 2451 1089 @fﬁbﬁﬂ&;ﬂ
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IMEX GLM odel5s
5 NX | steps | fevals | sec. | steps | fevals sec.
10~ | 100 4890 19225
10~ | 200 7777 52676
10~ | 400 15690 188628
1072 | 100 4249 4717
1072 | 200 7802 18093
1072 | 400 14797 38248
10~4 | 100 11333 12209
10=* | 200 16065 50303
10~4 | 400 27970 185887
1076 | 100 24972 11635
1075 | 200 27840 45136
1076 | 400 51136 171706 @fﬁbﬁﬂ&;ﬂ
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IMEX GLM odel5s

5 NX | steps | fevals | sec. | steps | fevals sec.
10~ | 100 3,7 27,9
10~ | 200 12,5 82,7
10~ | 400 80,3 345,3
1072 | 100 2,6 7,2
1072 | 200 18,4 29,3
1072 | 400 73,9 71,1
10~4 | 100 8,7 18,1
10=* | 200 33 83
10~4 | 400 237 343
1076 | 100 19,7 17,4
1075 | 200 80,6 240
106 | 400 297 327 | @romicoi
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IMEX GLM odel5s

5 NX | steps | fevals | sec. | steps | fevals sec.
10-! | 100 | 211 4890 | 3,7 301 19225 | 279
101 | 200 | 303 | 7777 | 12,5 | 469 | 52676 | 82,7
10~1 | 400 | 581 | 15690 | 80,3 | 660 | 188628 | 3453

1072 | 100 | 155 | 4249 | 2,6 124 4717 7,2
1072 | 200 | 265 | 7802 | 184 | 162 18093 | 29,3
1072 | 400 | 522 | 14797 | 73,9 | 242 | 38248 | 71,1

104 | 100 | 550 | 11333 | 8,7 315 12209 18,1
1074 | 200 | 733 | 16065 | 33 563 | 50303 83
10~ | 400 | 1190 | 27970 | 237 | 994 | 185887 | 343

107% | 100 | 1300 | 24972 | 19,7 | 324 11635 17,4

1076 | 200 | 1350 | 27840 | 80,6 | 592 | 45136 | 240
1076 | 400 | 2451 | 51136 | 297 | 1089 | 171706 | 327 @Fﬁbﬁﬂ&é“ﬂ
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Example : Shallow water model, ¢ = 10_4,NX = 100

—*— IMEX-GLM p3 type6
—*—ode15s

log10(||err||)

0 0.2 0.4 0.6 0.8
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Example : Shallow water model, ¢ = 10_4,NX = 100

IMEX-GLM p3 type6 5 ode15s MaxOrder p=3
22t | a0 1
o
24 | 1 24
| Irﬁ ﬂ
26 | T {1 28% i ;‘fﬂ? i1
I [
28 1 28t i 1
= A )
3% I asb 4 ]
3.2 ¥ 32} 1
3.4 | 1 34y 1
36 I 1 sl 1
3.8 {1 -38 1
4 : 4 :
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Example : Shallow water model, ¢ = 10_4,NX =

Ny —*— IMEX-GLM p3 type6
-2 % —x—ode15s

log10(||err||)

6.5 I I I I
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Example : Shallow water model, ¢ = 10_4,NX =200

IMEX-GLM p3 type6 5 ode15s MaxOrder p=3

-3.4 B 34 L ]

36 | 1 36} 1

3.8 1 -38 ]
4 ‘ 4 :
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Example : Shallow water model, ¢ = 10_4,NX = 400

—*— IMEX-GLM p3 type6
—*—ode15s

log10(||err||)

6.5 I I I I
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Example : Shallow water model, ¢ = 10_4,NX = 400

IMEX-GLM p3 type6 5 ode15s MaxOrder p=3
-
22+ 1 221 .
X
24 | 1 24l x 1
I X
26 | 1 26% x ]
\
2.8 | 1 28 | :
1 h'F 7 T M
[
3.2 1 32t : \ [ I: :
l [
I
3.4 + ¥ os4yp | l [ A
X I Xy
3.6 1 36 * ]
38 { 38¢f .
4 ‘ 4 ‘
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Work in progress and concluding remarks

@ Solver based on variable stepsize implementation of IMEX GLMs.

e Optimized values for a and 3 vectors.
o Different choices for « and 3 vectors (that is «a, @, 3, B ).
o Construction of IMEX GLMs with balanced Local Errors between
Implicit and Explicit part.
e Strategies to reduce the computational cost.
@ Applicable to different classes of high stage order methods, such as
DIMSIMs, Generalized Linear Multistep Methods, Peer methods, ...
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