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Sub-mesoscale eddies

Vorticity in an ICON-O simulation of sub-mesoscale eddies in the North Atlantic (courtesy P. Korn, F. Lapolli, MPI-M)

• resolving sub-mesoscale eddies requires local resolution of ≈ 600m
• throughput 64 days per 24h runtime: runs over climatological
timescales impractical

➤ solve on coarser grid and correct, add time parallelism
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Dynamic deep-learning based superresolution

Dynamic super-resolution (DSR)

3Based on ideas by Pathak, J., Mustafa, M., Kashinath, K., Motheau, E., Kurth, T., and Day, M., Using Machine Learning to Augment 
Coarse-Grid Computational Fluid Dynamics Simulations, arXiv:2010.00072, 2020. https://dx.doi.org/10.48550/arXiv.2010.00072.

➢ U-Net trained to predict difference between high-res and low-res runs using short time 
simulations

➢ Tailored to work directly on ICON-O mesh without additional interpolation 

© 2025 The Author(s). Published by IOP Publishing Ltd
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Dynamic deep-learning based superresolutionMach. Learn.: Sci. Technol. 6 (2025) 015060 MWitte et al

Figure 4. U-Net core of the ML model. In the encoder and decoder branch, we use a kernel size of 7× 7 and 3× 3, respectively.
The dotted arrows indicate concatenation of tensors.

Upsampling, i.e. increasing the spatial dimension in the decoder part of the U-Net, is realized by sub-pixel
convolutional blocks [37]. These consist of a convolutional layer, which increases the channel dimension by a
factor of r2, where r is the factor by which the resolution is to be increased in both spatial dimensions. A
consecutive pixel-shuffle operation rearranges the tensor with a shape of (r2Nc,Nx,Ny) such that the channel
dimension is decreased by a factor of 1/r2, whereas both spatial dimensions are increased by a factor of r. We
use the kernel weight initialization proposed by Aitken [1] to ensure the absence of checkerboard artifacts.

The output of the encoder branch is concatenated with the respective upsampled output of the decoder
layer and fed into the next layer. Note that for the input and output, we are using grouped convolutions to
efficiently learn input and output features for both velocity components.

3. Experiment design

We analyze the performance of our approach for the Galewsky testcase [11]. This testcase describes the
transition from a geostrophically balanced steady state to a barotropic instability. This transition is triggered
by a small perturbation that is added to the balanced initial condition and that needs several days to build up.
The instability of barotropic jets is a classical and well studied process in geophysical fluid dynamics that
occurs in both the atmosphere and the ocean.

The initial condition is defined as follows

u(ω) =

⎧
⎪⎨
⎪⎩

0 ω! ω0

umax/en · exp(1/ [(ω−ω0)(ω−ω1)]) ω0 ! ω! ω1

0 ω" ω1,

(4)
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Mach. Learn.: Sci. Technol. 6 (2025) 015060 MWitte et al

Figure 2. ICON-O’s horizontal discretization design. The scalar height field is located in the blue diamond shape, while the vector
velocity field is decomposed in the midpoint edges of each triangle.

Figure 3. Our super-resolution network consists of a U-Net core model and two modules handling the transition between the
ICON-O grid and the regular grid. Nearest neighbor interpolation is used to map the local patch un,m to a regular grid. The
corrected patch is obtained by sampling data points from the output of the U-Net according to their coordinates.

is the kinetic energy, f is the Coriolis parameter, ω is the relative vorticity, and u⊥ = k× u is the
perpendicular velocity, where k is the unitary vertical vector.

The numerical scheme of ICON-O in its shallow-water configuration satisfies discrete conservation laws
for mass, total energy, potential vorticity and potential enstrophy [21]. A study of its accuracy was provided
by Lapolli et al [24].

2.2. Network architecture
We assume that our choice of τ is sufficiently small so that the difference between the integrated
high-resolution and low-resolution velocity fields at a given location depends only on a local neighborhood.
We therefore define the ML model on local domains as shown in figure 3. The advantage of this approach is
that the model otherwise tends to overfit to global structures. In addition, model prediction of local patches
can be done in parallel, which is particularly useful when the model is running on high performance
computing systems.

We define a local patch by un,m with n,m ∈ {0, . . . ,7} as a subset of the unstructured grid of ICON-O.
We use nearest neighbor interpolation to interpolate the subset to a high-resolution regular grid of
1024× 1024pixels. We use a 10% overlap of the patches during training. The output data ūn,m is sampled
from the output of the core model based on their relative coordinates.

The core model has a U-net structure [35] with skip connections to take advantage of the computational
efficiency of convolutions in image to image tasks. We define the convolutional layers of the U-net without
biases. As a consequence, the trivial field correction is itself a trivial field Θ(0) = 0.

The detailed structure of the U-net is shown in figure 4. The basic element of our U-Net consists of two
consecutive residual blocks, or ResNet blocks [13], with a swish activation function [8] and a 1× 1
convolutional layer for the residual connection. We use average pooling layers with a kernel size of 4 to
effectively decrease the spatial dimension.
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ICON-O grid cell: height in cells, velocity on edges

Mach. Learn.: Sci. Technol. 6 (2025) 015060 MWitte et al

Figure 5.MLmodel learning progress as a function of mini-batch iteration. Validation was done at a frequency of 200 iterations,
averaged over 10 iterations. To compare both losses, we applied a moving average window to the training loss. The learning rate as
a function of the training iteration is shown in the bottom graph.

where KEn and ENn are the kinetic energy and enstrophy spectra; ωmn and δmn are the spectra coefficients of
the vorticity and divergence obtained from equation (12) and a is the radius of the earth.

4. Numerical accuracy

We first analyze the performance of the ML model correcting the low resolution Galewsky test case that
periodically has been initialized by a high resolution run as shown in figure 1. This serves as a best case for
the ML correction performance, as the re-initialization from high resolution avoids error propagation. We
then compare these results to the coupled run, where the output of the ML is used for initialization
figure 1(top panel only).

4.1. ML training
The training progress is shown in figure 5. The presence of large fluctuations in the training loss is because of
the random sampling of local patches. Even though we restrict maximum losses to values of 1, low
amplitudes of v result in a high contribution to the relative error equation (9). To avoid overfitting of the
data, we stopped the optimization after 50 000 mini-batch iterations.

Figures 6 and 7 show the global snapshots of the uncorrected ML input and the ML output of the
v-component of the velocity field u at t = 12h and t = 7d. The ML model is able to remove the numerical
oscillations induced by the coarse resolution at both time points, with v ranging over several orders of
magnitude. At early time steps, these numerical oscillations are particularly pronounced around the center of
the jet, where large, high-frequency patterns appear in the left panels of figure 6. The global output of the ML
model is smooth and shows no pattern to indicate local patches. Thus, our ML model is robust to small
variations of the input data in neighboring patches.

4.2. Numerical accuracy
The uncoupled ICON simulation shows a small error in both norms for all fields, quickly increasing from
day 4 to day 8, where it then saturates until the end of the computational simulation, see figure 8. For both L2
and Lmax norms, the errors of the uncoupled simulations for the last day of integration are found in table 2.
Note that, since the meridional component of the velocity is zero at the initial state, the v-component is not
normalized as the other fields. Regardless, we observe a near first order accuracy of these fields on both
norms, which is expected from the model. Additionally, it can be observed that the order of accuracy is
slightly lower for the maximum norm. It may be the case that the testcase we are evaluating is prone to
numerical oscillations or that the reference simulation of 2.5 km is not fine enough to achieve first order
accuracy in the maximum norm.
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Dynamic deep-learning based superresolution

Barotropic instability (SWE, 2D)

• DSR corrects onset of instability on coarse grid

Baroclinic instability (3D)

Baroclinic instability (3D)

6

LR(5km) + SRHR(500m), LR(5km), SR Training

Day 0 Month 11

500m 2 km

5 km 5 km + DSR

Temperature 
after 20 days

Correction 
every 6h

Error vs 
step size 
for SDC 

and 
ICON-O’s 
Adams - 
Bashforth

➢ SDC allows for larger time steps while 
maintaining accuracy and stability

➢ DSR correctly introduces small scale 
features into coarse mesh simulations

Courtesy Max Witte
temperature after 20 days, correction every 6h

(courtesy M. Witte, DKRZ)

Witte, Lapolli, Freese, G., Ruprecht, Korn, Kadow: Dynamic deep learning based super-resolution for the shallow water
equations. Machine Learning: Science and Technology 6, 015060. https://dx.doi.org/10.1088/2632-2153/ada19f (2025)

https://dx.doi.org/10.1088/2632- 2153/ada19f
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(Physics-informed/Fourier) Neural Operators [Li et al. ’21/’23]

Figure: [Li et al. ’21/’23]

• trainable without data (PDE
residual as loss)

• fast to evaluate once trained
• leverage heterogeneous
architectures

➤ use as fast propagators in
Parallel-in-Time (PinT)
methods

u = (Q ◦ (Kℓ ◦ σℓ ◦ · · · ◦ σ1 ◦ K0) ◦ P)(a)

K an integral operator:

v(x) 7→
∫

κ(x,y)v(y)dy +Wv(v)

Figure: [Li et al. ’21]
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What PinT promises

ttj tj+1 tj+1 tj+2Pj Pj+1

Id
eal s

peedup

Space parallelization

Space-time parallelization
First strategy

Space-time parallelization
Second strategy

What PinT promises to deliver 

4
Figure courtesy T. Lunet

 * D. Ruprecht, R. Speck, M. Emmett, M. Bolten, and R. Krause, “Poster: 
Extreme-scale space-time parallelism,” in Proceedings of the 2013 Conference 
on High Performance Computing Networking, Storage and Analysis Companion, 
ser. SC ’13 Companion, Denver, Colorado, USA, 2013. 

We can see this in practice! Sometimes.

Sp
ee

du
p

Number of processors
[scaling sketch courtesy of Thibaut Lunet]
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Parareal [Lions et al. ’01]

Solve IVPs yt = f(y)

T0 T1 T2 TN

∆T

G
F in parallel

Parareal

I First parareal iteration: I Assume that P = N many processes
are used.

I As k ! N, V k
n converges to the same

solution as serial solver.

I For Parareal speedup, it must
converge k ⌧ N.

Parareal with a PINN Coarse Propagator | Abdul Qadir Ibrahim, Sebastian Götschel, Daniel Ruprecht 16

sketch courtesy of Kamran Pentland

In k’th Parareal iteration:

Yk
n = G(Yk

n−1) + F(Yk−1
n−1)− G(Yk−1

n−1), n = 1, ...,N

speedup: S(Np) ≤ min

(Np

Nit
,

runtime fine
runtime coarse

)

Aim : Make G cheaper while keeping K constant
1 3 5 7

k

10 11

10 7

10 3

101

||e
k ||

2

m=32
m=48
m=63
m=64

1d adv., no num. diffusion, no time coarsening
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Test problem: Black-Scholes equation

∂u
∂t
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1
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2u
∂y2
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∂2u
∂x∂y

+ rx∂u
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+ ry∂u
∂y

− ru = 0

+ Dirichlet boundary conditions, terminal condition
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Neural operators for Parareal

TrainMLmodel to predict y(tn) 7→ y(tn+1)

1 . feedforward neural network (fully connected) PINN-P
2. Fourier neural operator PINO

Loss function:

• PDE residual f(V): MSEf =
1
Nf

Nf∑

i=1
∥f(Ṽ(ti,Si))∥2

• boundary loss term: MSEb =
1
Nb

Nb∑

i=1

∥∥∥Ṽ(ti,Si)− V(ti,Si)
∥∥∥
2

(better use hard constraints)

• loss at expiration: MSEexp =
1

Nexp

Nexp∑

i=1

∥∥∥Ṽ(T,Si)−max(Si − K,0)
∥∥∥
2

• total loss: MSEtotal = MSEf +MSEexp +MSEb (no data loss!)
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Parareal performance
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Parareal performance
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Ibrahim, G., Ruprecht: Parareal with a physics-informed neural network as coarse propagator, Parallel Processing.
Euro-Par 2023. Lecture Notes in Computer Science, vol 14100. Springer (2023)
https://doi.org/10.1007/978-3-031-39698-4_44

Ibrahim, G., Ruprecht: Space-time parallel scaling of Parareal with a Fourier Neural Operator as coarse propagator,
arXiv:2404.02521 (accepted at PASC 2025)

https://doi.org/10.1007/978-3-031-39698-4_44
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Rayleigh-Bénard Convection

Convective motion in fluids due to
temperature gradient

∂U
∂t

+ U · ∇U = − 1
ρ
∇p + µ∇2U + gezT

∂T
∂t

+ U · ∇T = α∇2T
div(U) = 0∫

Ω
p dx = 0

Ra =
ρβ∆T L3g

µα

Parareal: moderate speedup,
performance degrades for high Ra
[Clarke et al. ’20]
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Spectral Deferred Corrections (SDC) [Dutt et al. ’00]

Fully implicit RKM/Collocation: dense matrix in Butcher tableau

c Q
bT ki = f

(
tn+cih, yn+h

s∑

j=1
qijkj

)
yn+1 = yn + h

s∑

i=1
biki

• expensive to solve Y −∆tQF(Y) = Y0
➤ use preconditioned fixed-point iteration

• find suitable preconditioner (lower triangular)
• iterate

Yk+1 −∆tQ∆F(Yk+1) = Y0 +∆t(Q−Q∆)F(Yk)

• preconditioner inversion by forward substitution (“sweep”)
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Serial SDC

Preconditioners, e.g., based on Euler

QEE
∆ =




0 0 . . . 0 0
∆τ2 0 . . . 0 0
... ... . . . ... ...

∆τ2 ∆τ3 . . . ∆τM 0


 QIE

∆ =




∆τ1 0 . . . 0
∆τ1 ∆τ2 . . . 0
... ... . . . ...

∆τ1 ∆τ2 . . . ∆τM




or St. Martin’s LU trick [Weiser ’14]

QLU
∆ = UT for QT = LU

Time

yk+1
m = yn +∆t

M∑

j=1
qm,jf(yk

j ) + ∆t
m∑

j=1
αj

(
f(τj, yj

k+1)− f(τj, yj
k)
)
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Parallel SDC

Choose diagonal Q∆

Time

yk+1
m = yn +∆t

M∑

j=1
qm,jf(yk

j ) + ∆tαm

(
f(τm, yk+1

m )− f(τm, yk
m)

)

Simple choices, e.g.,

QQpar
∆ = diag(qii), QIEpar

∆ = diag(τ1, . . . , τm)

but: slow convergence [van der Houwen/ Sommeijer 1991, Speck ’18]

Alternative: optimize coefficients (e.g., [Speck ’18, pySDC])
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Parallel SDC – optimize coefficients

Dahlquist’s test equation:

y′ = λy, y(0) = 1 λ ∈ C, t ∈ [0, 1]

SDC sweep:
(I−∆tQ∆)yk+1 = ∆tλ(Q−Q∆)yk + y0

error propagation matrix:

ek+1 = K(z)ek, K(z) = z(I− zQ∆)
−1(Q−Q∆)

with z = ∆tλ, ek error to collocation solution

➤ minimize spectral radius ρ(K)
non-stiff limit: KNS = lim

|z|→0

K(z)
z

= Q−Q∆

stiff limit: KS = lim
|z|→∞

K(z) = I−Q−1
∆ Q

optimization problems difficult to solve (already for moderate M)
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Optimized parallel SDC – non-stiff limit

Aim for nilpotency of K(z): ρ(KNS) = 0 for

QMIN-SR-NS
∆ = diag

( τ1
M
, . . . ,

τM
M

)

➤ each SDC iteration with QMIN-SR-NS
∆ preconditioning removes the

respective lowest order term in the error
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Optimized parallel SDC – stiff limit

QMIN-SR-S
∆ obtained by numerically minimizing

∣∣det
[
(1− t)I + tQ−1

∆ Q
]
− 1

∣∣ , ∀t ∈ {τ1, . . . , τM}
obtains a local minimum of ρ(KS)

• but: no guarantee for existence or uniqueness of solutions
• numerical experiments: increasingly ordered coefficients in Q∆ lead
to better stability
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Optimized parallel SDC – stiff limit

Alternative: iteration-dependent preconditoner Q(k)
∆

error propagation matrix K(k)(z) = z(I− zQ(k)
∆ )−1(Q−Q(k)

∆ )

lim
|z|→∞

ek = K(k)
S · · ·K(1)

S e0 with K(k)
S = lim

|z|→∞
K(k)(z) = I− (Qk

∆)
−1Q

Then:
QMIN-SR-FLEX,(k)

∆ = diag(
τ1
k
, . . . ,

τM
k
) has K(M)

S · · · · · K(1)
S = 0
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Optimized parallel SDC – stability
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Parallel SDC: Performance
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Figure 3. Work-precision plot for ICON-O (left) and SWEET (right). Left: using 48
threads, i.e., for AB and space only pSDC 48 in space and for space-time pSDC 4 in time
and 12 in space. Various time-step sizes are used, for AB ↭t → {120, 60, 30, 15} (s) and
for pSDC ↭t → {1440, 1200, 960, 600, 300} (s). AB uses a maximum of 2 CG iterations,
pSDC a maximum of 4. Right : using 64 threads for IMEX and pSDC (space), and
nested parallelization with 32 threads in space and 4 threads in time for pSDC
(space-time). Various time-step sizes are used, for IMEX ↭t → {60, . . . , 3.75} (s) and for
pSDC ↭t → {450, . . . , 60} (s)
We observe speedups for the ICON-O model and hardly any performance gains for
SWEET. This can be accounted for by the very good scaling behavior of SWEET. A
smaller problem size would lead again to speedups for SWEET (not shown here).

larger time step that SDC is capable of performing more than compensates
for the increased computing costs associated with each step. Adding more
OpenMP threads to the loop parallelization provides additional speedup, up to
around seven for 24 threads. However, using nested OpenMP with the SDC
parallelization as outer loop and ICON-O’s existing loop parallelization as inner
provides the best performance. Speedup for 48 OpenMP threads increases to more
than 12.

For SWEET, speedups are shown in Figure 4 (right) for methods calibrated for
an absolute accuracy of approximately 1.5 · 10↑5. Again, using SDC provides
significant speedup over the IMEX base method. Here, however, there is little
di”erence in performance between using space-only loop parallelization or a
nested space-time approach. Both cases provide a maximum speedup of around
32 for 64 threads with minimal di”erence in performance, which is due to the
space parallelization in SWEET scaling better for this space grid size (cf. discussion
related to Figure 2).

Prepared using sagej.cls

Left: Allen-Cahn equation (pySDC); Right: SWE in ICON-O with MIN-SR-FLEX, 48 cores (4 time, 12 space/48 space)

Čaklović, Lunet, G., Ruprecht: Improving Efficiency of Parallel Across the Method Spectral Deferred Corrections, SIAM J.
Sci. Comput. 47(1), 2025

Freese, G., Lunet, Ruprecht, Schreiber: Parallel performance of shared memory parallel spectral deferred corrections,
arXiv 2403.20135, 2024 (under revision in IJHPCA)
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FNO for RBC

FNO to predict y(tn) 7→ ∆y = y(tn+1)− y(tn)
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Variable ∆t = 1e−3 ∆t = 1e−2 ∆t = 1e−1 ∆t = 1e0

velocityx 2.4e-05 1.8e-03 1.9e-02 1.6e-01
velocityz 3.2e-05 1.8e-03 1.9e-02 1.4e-01
buoyancy 1.8e-05 9.5e-04 1.0e-02 7.5e-02
pressure 8.5e-06 6.5e-04 7.1e-03 6.0e-02

average 2.1e-05 1.3e-03 1.4e-02 1.1e-01
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PINO to improve parallel SDC?

Use a PINO to build an initial guess for the next time-step in SDC:
• potentially very cheap, can be run on GPU
• hopefully more accurate than a simple identity operator (i.e copy)
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PINO to improve parallel SDC?

• Ω = [0,4]× [0, 1],Nx = 256,Nz = 64
• T = [0, 1],∆t = 0.01 (stability limit), 4 nodes pSDC (MIN-SR-FLEX)
• pSDC + dedalus (pseudo-spectral solver)
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ranks in the global MPI_COMM_WORLD, with a fixed size for the time communicator of 4 

processes. Space ranks are grouped into consecutive tasks and are distributed over the 

compute node using cyclic distribution. Thus, processes with the same time rank use the 

same GPU. In the Dedalus variant, only the FNO runs on the GPU while the numerical part 

uses CPU cores. The full GPU variant runs the numerical computations on the GPUs. 

Strong and weak scalability. 

 

Speedup (left) for a simulation of RBC with Rayleigh number Ra=1e7, spatial resolution 

256x64 spectral modes and time-step of dt=0.01 seconds. The baseline is a time-serial 

space-serial simulation using a single process. SDC is the time-serial space-parallel 

reference simulation. Note that serial SDC was found to deliver comparable or better 

performance than the built-in RKM443 solver in Dedalus and is therefore used as reference. 

The space-time parallel SDC solver (green) scales significantly better than the purely 

space-parallel solver (blue). Unfortunately, the NeuralPiNT combination of space-time 

parallel SDC with a CFNO-based predictor (red) turned out to perform worse. 

Weak-scaling (right) for the time-serial space-parallel SDC reference (blue) and the 

space-time parallel SDC (orange). Shown is runtime per time-step against the number of 

MPI processes. The benchmark starts from a 256x64 spatial resolution on a single node. 

Every dot indicates a doubling of spatial and temporal resolution together with an increase in 

nodes, keeping the per-node per-timestep size of the problem constant. The number of 

processes per node is kept constant at 32. Because the spectral discretization in Dedalus 

allows spatial parallelization only along (d-1) dimensions, the cost per time-step grows 

linearly with problem size. Replacing time-serial with time-parallel SDC cannot fully 
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Conclusion

➤ Dynamic deep learning-based superresolution can improve
challenging simulations

➤ Neural operators can make for good coarse propagators in Parareal
➤ ML models allow leveraging GPU architectures for enhanced

inference performance
➤ ...but numerical methods don’t always benefit from ML
➤ Parallel SDC can give good speedups for challenging problems

Thanks!
sebastian.goetschel@tuhh.de


