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Sub-mesoscale eddies
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Vorticity in an ICON-O simulation of sub-mesoscale eddies in the North Atlantic (courtesy P. Korn, F. Lapolli, MPI-M)
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* resolving sub-mesoscale eddies requires local resolution of ~ 600m

* throughput 64 days per 24h runtime: runs over climatological
timescales impractical

» solve on coarser grid and correct, add time parallelism




Dynamic deep-learning based superresolution
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Dynamic deep-learning based superresolution
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Dynamic deep-learning based superresolution
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Dynamic deep-learning based superresolution
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Barotropic instability (SWE, 2D)
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® DSR corrects onset of instability on coarse grid

Baroclinic instability (3D)
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temperature after 20 days, correction every 6h

(courtesy M. Witte, DKRZ)

[ Witte, Lapolli, Freese, G., Ruprecht, Korn, Kadow: Dynamic deep learning based super-resolution for the shallow water
equations. Machine Learning: Science and Technology 6, 015060. https://dx.doi.org/10.1088/2632-2153/adal9f (2025)



https://dx.doi.org/10.1088/2632- 2153/ada19f

(Physics-informed/Fourier) Neural Operators [iietal. 23] TUHH
Input function space Mprlng - trainable without data (PDE
. n residual as loss)
............................................................................................ . o fast to evaluate once trqined
....................................................................... l.earng(a) ° |everage heterogeneous
‘@ architectures
\ ) » use as fast propagators in
G:A->U Parallel-in-Time (PinT)
Figure: [Li et al. '21/23] methods
®—> Fourier layer 1 4>{Fourier layer 2— @ @ @ —»{Fourier layerT
----------- 7

------------------ = (Qo(Kjooso---0010Kp)oP)(a)

K an integral operator:

V(X) — /li(X, y)v(y)dy + Wv(v)

Figure: [Li et al. 21]




What PinT promises
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speedup
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* D. Ruprecht, R. Speck, M. Emmett, M. Bolten, and R. Krause, “Poster.
Extreme-scale space-time parallelism,” in Proceedings of the 2013 Conference
on High Performance Computing Networking, Storage and Analysis Companion,
ser. SC 13 Companion, Denver, Colorado, USA, 2013.




Pararedl [uonsetal o1
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Solve IVPs y; = f(y)
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sketch courtesy of Kamran Pentland

In k'th Parareal iteration:

YE=G(YS )+ F(YE) —G(YE), n=1..N
1073 4

N runtime fine =
speedup: S(N,) < mi P : % oo
P P: S(Np) < min (N;t’ runtime coarse) = 107
10—11_

Aim : Make G cheaper while keeping K constant ———
1 3 5 7

. . . kK .
1d adv., no num. diffusion, no time coarsening




Test problem: Black-Scholes equation
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+ Dirichlet boundary conditions, terminal condition
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Neural operators for Parareal
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Train ML model to predict y(t,) — y(t,.1)

1. feedforward neural network (fully connected) PINN-P
2. Fourier neural operator PINO

Loss function:
Ny

. . ] y 2
- PDE residual f(V): MSE; = ﬁfz [F(V(ti, Si)l

i=1

N
A 2
- boundary loss term: MSE, = o > |Vt i) — V(. S)
b i
(better use hard constraints)
Nexp

— 3T, 51) — max(si — K. 0>H2

exp I':-I

- total loss: MSEotq1 = MSE¢ 4 MSE,, + MSE, (no data loss!)

- loss at expiration: MSE., =

11
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Parareal performance
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Parareal performance TUHH
== Space Only 80 4 - Space Only /z
60 o == . Ideal Speedup (S=P) == 1 |deal Speedup (S=P) V4
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[ lbrahim, G, Ruprecht: Parareal with a physics-informed neural network as coarse propagator, Parallel Processing.

Euro-Par 2023. Lecture Notes in Computer Science, vol 14100. Springer (2023)
https://doi.org/10.1007/978-3-031-39698-4_44

[@ lbrahim, G, Ruprecht: Space-time parallel scaling of Parareal with a Fourier Neural Operator as coarse propagator,

arXiv:2404.02521 (accepted at PASC 2025)



https://doi.org/10.1007/978-3-031-39698-4_44

Rayleigh-Bénard Convection
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Convective motion in fluids due to
temperature gradient

oU ] 5

+U-VU = — U
at V prJr,uV +ge,T
oT 27
8t +U-VT =aVT

div(U) =0

/p dx =

3
R — pBATL g
Jite

Parareal: moderate speedup,
performance degrades for high Ra
[Clarke et al. "20]
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Spectral Deferred Corrections (SDC) ioutetai. 0] TUHH
Fully implicit RKM/Collocation: dense matrix in Butcher tableau
clQ S S
bT kj — f(trr"C/h, yn‘i‘h Z qukj) yn_|_] — yn + h Z bikl
j=1 i=1
- expensive to solve Y — AtQF(Y) =Yy
» use preconditioned fixed-point iteration
- find suitable preconditioner (lower triangular) 5

- iterate
V< — AtQAF(YE™) = Yo + AHQ — Qa)F(YX)

- preconditioner inversion by forward substitution (“sweep”)




Serial SDC
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Preconditioners, e.g., based on Euler

0 0 ... 0 O (A 0 ...
QFF — A 0 ... 0 O QF — A Aty ...
ATy Atz ... Ay O AT ATy .

or St. Martin’s LU trick [weiser 14]

QY =U"forQ"=1LU

« O O

ATM

mOKO\

M m
Vi = Yo+ AUY G flyf) + AEY oy (7, v) = (1))

= =
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Parallel SDC
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Choose diagonal Qx

E % 4 Time

M
Vi = Yo+ AUY qm flyf) + Atam (F(rm, yi3) = f(7m, vio))
j=1

Simple choices, e.g,,
Qip‘” = diag(qii), Qipor = diag(m, ..., m)

but: slow convergence [van der Houwen/ sommeijer 1991, Speck 18]

Alternative: optimize coefficients (e.g., [speck s, pysoc)

17




Parallel SDC — optimize coefficients
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Dahlquist’s test equation:
y'=Xy,y(0)=1 XeC,tel0,]]

SDC sweep:
(I — AtQA)YK = AtA(Q — QYK + Yo

error propagation matrix:
ek = K(2)e¥, K(z)=z(l—2QA) ' (Q — Qn)
with z = At), e error to collocation solution
K(z)

non-stiff limit: Kys = lim —~> = Q — Qa
C . . z| -0 Z
» minimize spectral radius p(K) Stiff limit: Ks = lim K(2) = | — Q7O
|z| =00

optimization problems difficult to solve (already for moderate M)

18




Optimized parallel SDC — non-stiff limit
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Aim for nilpotency of K(z): p(Kns) = O for
QX'N_SR_NS = diag (ﬂ . T—M)

» edch SDC iteration with Q¥IN-SRNS sreconditioning removes the
respective lowest order term in the error

101

10—1 p

10—3.
10—5 |

10—7 p

L., error

r”
-
107° -
-"

10711

W N
|

vl

|

(O]

|

vl

1
107131 A<

Im(2)
() :
I

(2)

1072 10! 10° 5 0 s 0 5 0
At Re(z) Re(z) Re(z)

convergence and stability MIN-SR-NS (4 Radau-Il nodes), gray: unstable

19




Optimized parallel SDC — stiff limit
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QNIN-SR™S obtained by numerically minimizing

det [1=t)+tQA'Q] —1|, Vte{n,...,m}

obtains a local minimum of p(Ks)
 but: no guarantee for existence or uniqueness of solutions

- numerical experiments: increasingly ordered coefficients in Q lead
to better stability

100.
K=1 K=2 K=3 K=4
10—2.
04 — ’:,// 25 25 25 25
s | T . .
5 1076 /
& < T < <
10—8.
: E E E E
10-10. - —— K=1
—p— K=2
10-12] &7 - K=3 -25- —25- -254 -254
7 —A— K=4
T T T T T T T
1072 1071 100 -25 0 -25 0 -25 0 -25 0
At Re(z) Re(z) Re(z) Re(z)

convergence and stability MIN-SR-S (4 Radau-Il nodes), gray: unstable
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Optimized parallel SDC — stiff limit
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Alternative: iteration-dependent preconditoner Q(Ak)
error propagation matrix K€ (z) = z(1 — zQ¥)7(Q — Q)

: k ] . k . _
lim e =K\ ke with K = lim k¥ (z) =1—(QX)7'Q

|Z| =00 |z| =00
Then: (k) T 7 (M) (1)
MIN-SR-FLEX, T 1 M M )
QA —dl&g(E,,?>hOSKS KS —O
100.
10-2] @ K=1 K=2 K=3 K=4
w0l 25 25 251 25 -
§ 10—6 T
- S S S \ S \
10—10_ . —— K=1
s K=2
10-12] = K3 o251 ~25- -25 ~25-
10-2 101 100 25 0 25 0 25 0 25 0
At Re(2) Re(z) Re(2) Re(z)

convergence and stability MIN-SR-FLEX (4 Radau-Il nodes), gray: unstable
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Optimized parallel SDC — stability
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£ £ e \| § \
—25 1 —25 1 —25 —25+
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MIN-SR-FLEX (4 Radau-Il nodes), similar to LU preconditioner, gray: unstable
K=1 K=2 K=3 K=4
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[van der Houwen/ Sommeijer 1991] by minimizing p(I — Q;'Q), gray: unstable

22




Parallel SDC: Performance TUHH
—— AB
a = marerTr— —0—pSDC (space-time parallel)
IS‘Q ~#— MIN-SR-S -#- pSDC (space parallel)
10-1 \ % —<— MIN-SR-FLEX | é
=& - VDHS
e \\\ Q\ ~=- ESDIRK43 & 0.25 7 =
2 A e W S 01 n
5 107 SR =~ 0.04 \
o !\ N ‘\Q = 0012
= 1073 % \ ~ 0.002
H==' — —— ) ~ o
Lo AN pininh i = 0.0004 ) =
; - - 204303 487 972 1975
10 10 23
Computation Time [s]

Wall-clock time (s)

Left: Allen-Cahn equation (pySDC); Right: SWE in ICON-O with MIN-SR-FLEX, 48 cores (4 time, 12 space/48 space)

@ Caklovié, Lunet, G, Ruprecht: Improving Efficiency of Parallel Across the Method Spectral Deferred Corrections, SIAM J.

Sci. Comput. 47(1), 2025

[§ Freese, G, Lunet, Ruprecht, Schreiber: Parallel performance of shared memory parallel spectral deferred corrections,
arXiv 2403.20135, 2024 (under revision in IJHPCA)




FNO for RBC
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FNO to predict y(t,) — Ay = y(th1) — Y(tn)

1.5
1.0
o 00 —-—- idLoss (update) ||
g \ —— trainLoss x
(Y —— validLoss
z 03 Lo Model(output): (64, 32)
EB AN |
0.2 —%
0.15 MMWM- P PO PP o
Vil AN A AN
0.1 0.0 e -
0 2000 4000 6000 8000 10000 12000 00 05 10 15 20 25 30 35
Epoch X
Variable At=1e3 At =Tle? At =Te™! At =1e°
velocity, 2.4e-05 1.8e-03 1.9e-02 1.6e-01
velocity, 3.2e-05 1.8e-03 1.9e-02 1.4e-01
buoyancy 1.8e-05 9.5e-04 1.0e-02 7.5e-02
pressure 8.5e-06 6.5e-04 7.1e-03 6.0e-02
average 2.1e-05 1.3e-03 1.4e-02 1.1e-01

0.0003751

—0.0000024

—0.0003799

0.9998

0.5000

0.0003
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PINO to improve parallel SDC?
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Use a PINO to build an initial guess for the next time-step in SDC:
- potentially very cheap, can be run on GPU
- hopefully more accurate than a simple identity operator (i.e copy)

Model solution for b using sample 1900

Model solution for b using sample 1900

1.018 1001
i 0.497 0.499
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
X
Dedalus reference (dt=1s)
0.9997 0.9997
i 0.5000 0.5000
__L A
0.0003 0.0003
3.0 3.5

25




PINO to improve parallel SDC?
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-+ =10, 4] x [0,1, Ny = 256, N, = 64
- T =10,1], At = 0.01 (stability limit), 4 nodes pSDC (MIN-SR-FLEX)

» pSDC + dedalus (pseudo-spectral solver)

101 P L i
| AT
1072 &
10_3@
| —=— RK443
- 10_4_; —A— SDC-base
2 | —*- copy
v 10_5_' —&— FNO-only
{ —e— SDC-FNO R N
10—7 _ e/e” e ! —
0.2 0.4 0.6 0.8 1.0

time

Model update error for b using sample 30
Dedalus reference (dt=0.001s)

- 6.942

3.471

0.000




PINO to improve parallel SDC?
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error

. 0 =0,4] x [0,1], Ny = 256, N, = 64
- T =10,1], At = 0.01 (stability limit), 4 nodes pSDC (MIN-SR-FLEX)
- pSDC + dedalus (pseudo-spectral solver)

1076 ;

1077 ;

| == Rk443
10_4 _—A— SDC-base

| —#- copy

10_5_' —e— FNO-only

| —e— SDC-FNO _ o
] o——6—6—o6—o6——O6—¢
| __e—e—9— A
0.2 0.4 0.6 0.8 1.0
time

102 -

-~ SDC
~# SDC-FNO

| =& - time-parallel SDC
| =*- time-parallel SDC-FNO

N cores
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Conclusion
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» Dynamic deep learning-based superresolution can improve
challenging simulations

» Neural operators can make for good coarse propagators in Parareal

» ML models allow leveraging GPU architectures for enhanced
inference performance

» ..but numerical methods don’t always benefit from ML
» Parallel SDC can give good speedups for challenging problems

Thanks!

sebastian.goetschel@tuhh.de
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