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Overview

@ Numerical solution of ODEs by using a local expansion
of the vector field

e Hamiltonian Boundary Value Methods (HBVMs)

@ HBVMs as spectral methods in time

e Extension to Fractional Differential Equations (FDEs)
e Fractional HBVMs (FHBVMs)

@ Numerical results taken from the FDE-Testset

@ Conclusions
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ODE-IVPs

Assume we want to solve the ODE-IVP:

(&) =fy(t), tel0,T],  y(0)=y €R",

whose solution is very well known to be given by
t
O =+ [ Fx =+ ). e T

where in general, for a > 0.

e - o | (£ — )" 1g(x)dx.

Hereafter, we shall assume f to be enough regular.
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Discrete mesh

We shall also assume that the following mesh is given,

to =0, th = th—1 + hn, n=1,..., N, tn=T,

and we denote by
ya(chy) = y(tn—1 + chy), c €[0,1].

Consequently, the original IVP can be formally rewritten as the following
sequence of local problems:

yi(ch,) = f(ya(chy)), c €[0,1], n=1,...,N,
y1(0) = Y € R™.
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Local problem

As is clear, the solution of the nth local problem is given by:

t,—1+chy
yn(Chn) — y(tnfl‘I'Chn) = )/0'1'/0v f(y(X))dX
chy,
= Mo+ [ A0

= ¢p(chy) +1'f(yalchy)),  ce[0,1],
having set

d(chy) = y(t, 1), ce[o,1], n=1,...,N.
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Local expansion

Next, let us consider the expansion of the nth vector field along the
Legendre orthonormal polynomial basis:

1
P. e / P(c)P(c)dc =6, ij=0,1,....
0

Consequently,

yn Ch ) ZP '7] Yn ce [071]7
j>0

with the Fourier coefficients defined by:

1
’Yj(yn)=/o Pi(c)f(ys(chn))de,  j=0,1,....
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Equivalent form

Therefore,

yalehn) = > Pi(c)lyn),  c€0,1],  n=1,...,N,
Jj=0

yi(0) = yo €R™,

thus providing the local solutions formally given by:

}/n(Chn)

ncha) + by > 1'Pi(c)yi(ya),  c€0,1],
Jj=0
n = 1,...,N.
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Polynomial approximation

We can derive a piecewise polynomial approximation, o(t) =~ y(t), s.t.:
on(chy) =~ yn(chy), c €[0,1], n=1,...,N,

by truncating the infinite series to finite sums:

s—1
on(chs) = D Pic)ylen), ce€l01], n=1,...,N,
j=0

0'1(0) = Yo GRm,
so that, for n=1,..., N,

s—1
Oulchy) = 65 (chn) + b S P (Sy(on). e e [0.1]
j=0
having set  ¢y°(ch,) = o(tn_1), ce[0,1].
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Spectral accuracy

The local problem

[
|
-

U;(Chn) = : Pj(c)’Yj(Un)

[
Il
= O

1
Pi(c) /o PP (on(rh))dr,  ce[0,1],

-,
o

is clearly equivalent to requiring the residual,
ra(chy) == ol (ch,) — f(an(chy)), c €[0,1],

be orthogonal to all polynomials in M;_; w.r.t. the L,[0, 1] product.

Consequently, a spectrally accurate solution in time can be expected,
when s > 1.
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HBVM(k, s)

Further, by approximating the Fourier coefficients through the
Gauss-Legendre formula of order 2k,

ZbP(c, (an(cihn)) =27/, j=0,...,s—1,

with Px(c;) =0, i =1,..., k, then gives a Hamiltonian Boundary Value
Method with parameters (k,s). In short HBVM(k, s).

For all k > s:

o formally a symmetric k-stage Runge-Kutta method of order 2s;
@ when k = s it reduces to the s-stage Gauss-collocation method;

@ when used for solving Hamiltonian problems, the Hamiltonian error is
at most O(h2*1) (and possibly 0, for k large enough).
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Discrete problem

Though formally a k-stage Runge-Kutta method, one can recast the
discrete problem in terms of the s approximate Fourier coefficients:

k

7= biP(c)f (qSlS cih,) + hy, Z/ Pi(ci)y ) j=0,...,s—1,
i=1

with the new approximation given by

o(thr1) = }175(/7") + hag -

An extremely effective Newton-type iteration is available for its solution
(the leading term in the cost being independent of s).

This allows the use of kK > s > 1, thus allowing the use of the methods as
spectral methods in time (particularly effective for semilinear problems).
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FDE-IVPs

Assume we want now to solve the IVP of fractional differential equations:
yO(t) = f(y(t),  tel0,T],  y(0)=yo €R,
with, for & € (0,1) and assuming y absolutely cointinuous in [0, T],
1 t
Y = e [ =207y (ax
the Caputo fractional derivative of y.

Under regularity assumption on f, it is known that its solution is given by:

ﬂw=m+%EAE—AWVmeuEm+Nﬂwm, teo,7].
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Discrete mesh

As in the ODE case, let us assume that the following mesh is given,

to =0, th = th—1 + hn, n=1,..., N, tn=T,

and denote by

ya(chy) = y(tn—1 + chy), c €[0,1].

Consequently, the original IVP can be formally rewritten as the following
sequence of local problems:

Vol (ch,) = F(yn(chy)), c e o,1], n=1,...,N,
y1(0) = yoERm.
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Local problem

As is clear, the solution of the nth local problem is now given by:
Yolchs) = y(ta—1+chy) = yo+1f(y(th—1+ chp)

1 tn71+Chn
= mr g [ e =) T 0

L o ch, — x)*71 x))dx
- |t e =00

-~

=: ¢ (chn)

= Yo+

1 chy o1
g | b= )
= Qs?:(Chn) + /af(yn(Chn))a cE [07 1]7
with  ¢%(ch,) a memory term.
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Local expansion

Next, let us consider the expansion of the nth vector field along the
following Jacobi orthonormal polynomial basis:

1
pen, / W(Q)P(S)P(c)de = b, ij=0.1,...,
0
with w(c) = a(1 —c)*~ 1. Consequently,

Yn Ch ) ZP 71 Yn ce [07]-]7
j>0

with the Fourier coefficients defined by:

1
Vi) = /0 WP (yalcha))de,  j=0,1,....
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Equivalent form

Therefore,

yn(a)(Chn) = Z PJ'(C)PYJ'(yn)? ce [0’ 1]’

>0
y1(0) = y €R7,

thus providing the local solutions formally given by:

ya(ch,) = d)f,“(ch,,)—i-hnZ/an(c)'yj(yn),

j=0
n = 1,...,N.
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Polynomial approximation

We can derive a piecewise approximation, o(t) =~ y(t), s.t
on(chy) = yn(chy), celo,1], n=1...,N,

by truncating the infinite series to finite sums:

O'n(a)(Chn) = Z PJ'(C)FYJ'(O-n)? cc [0’ 1]’ n= 1’ T N’
Jj=0

01(0) = yoeR™.

Consequenly, for n=1,..., N,
on(chy) = 62°(chy) + hy Z/ Pi(c)vi(on), celo,1],

having set  ¢,,"°(ch,) the corresponding truncated memory term.
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Variational interpretation
Alike the ODE case,

1
70 k) = 3 Pey(on)

[
|

[7) -
Il
- o

1
Pi(c) / W(P)P()F(on(rha))dr,  ce[0.1],
P 0

-

is clearly equivalent to require that the residual,
ro(chy) = 0, (ch,) — f(on(chy)),  cel0,1],

be orthogonal to all polynomials in M,_; w.r.t. the L,[0, 1] weighted
product.

Consequently, a spectrally accurate solution in time can be expected,

when s > 1, also in the FDE case.
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FHBVM(k, s)

Further, by approximating the Fourier coefficients through the
Gauss-Jacobi formula of order 2k,

ZbP(c, (on(cihn)) =197, j=0,...,s—1,

with Px(c;) =0, i =1,...,k, then gives a Fractional Hamiltonian
Boundary Value Method with parameters (k,s). In short FHBVM(k, s).
For all kK > s:

o formally a k-stage Runge-Kutta type method;

@ when k = s it becomes a collocation method at the Jacobi abscissae;

@ when a uniform mesh is allowed, error bounded by O(h*+t®~1);

@ when the graded mesh h, =rh,_1, n=1,..., N, r > 1 is used,
error bounded by O(h2® + h3f%).
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Discrete problem

Though formally a k-stage Runge-Kutta type method, one can recast the
discrete problem in terms of the s approximate Fourier coefficients:

k
=Y biPi(c)f (¢asc, )+ hn, Z/Péc, > j=0,...,s—1,
i=1

with the new approximation given by

h,

o(thy1) = ¢?’S(hn)+m%’)’-

As for HBVMs, an extremely effective Newton-type iteration is available
for its solution (the leading term in the cost being independent of s).

This allows the use of k > s> 1, thus allowing the use of the methods as
spectral methods in time (particularly effective for semilinear problems).
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The Matlab©codes fhbvm and fhbvm?2

fhbvm:
@ implements a FHBVM(22,20) method

@ automatically recognizes which mesh has to be used (uniform or
graded)

@ possibility of error estimation on a doubled mesh

@ almost no tuning parameter is needed

fhbvm2:
@ implements a FHBVM(22,22) method

@ possibility of combining an initial graded mesh with a subsequent
uniform one

@ very few tuning parameters are needed
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Numerical tests

We compare the following codes available on the web, or published in the
literature:

e fdel2  (fdel2 and fdel2-10)

e flmm2  (flmm2-1, flmm2-2, and flmm2-3)

e feoll (fcoll-s-r,  only for scalar problems)
e tsfcoll  (tsfcoll-n-r, only for scalar problems)
e fhbvm

e fhbvm?2

when solving some problems taken from the FDE-Testset.

Luigi Brugnano Go20 — Malta 19-23 May 2025 26 /46



https://people.dimai.unifi.it/brugnano/FDEtestset/

h fractal and fractional

an Open Access Journal by MDPI
FDE-Testset: Comparing Matlab®© Codes for Solving Fractional
Differential Equations of Caputo Type

Luigi Brugnano; Gianmarco Gurioli; Felice lavernaro; Mikk Vikerpuur

Fractal Fract. 2025, Volume 9, Issue 5, 312

https://doi.org/10.3390/fractalfract9050312

Luigi Brugnano Go20 — Malta 19-23 May 2025 27 /46


https://people.dimai.unifi.it/brugnano/FDEtestset/
https://doi.org/10.3390/fractalfract9050312

FDE-Testset

It compares the previous codes, in terms of Work-Precision Diagrams
(WPD) on a set of 10 problems:

@ linear or nonlinear ones

@ stiff or nonstiff ones

@ scalar or vector ones

@ with a stable or an oscillatory solution

in order to have a wide range of dynamic behavior.
Accuracy is measured in terms of mescd,

— logsg max||(yn — y(ta))-/ (1 + [y (tn) )l
according to the TestSet for IVP-Solvers.
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Problem 1

YO8 — _y 41, t € [0,10%], y(0) =

Luigi Brugnano
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Probem 1 WPD

4
10 —6—fde12

@ fde12-10
—7— fimm2-1
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——fcoll-3-5
¢ feoll-3-10
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Problem 2

1/ -9 —87 1 (67 5
(05) _ % _ = 2 =
Y _5<—58 —63>y 10(83>’t€[0’10]’y(0) (10)'

10 = Vel
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Probem 2 WPD

10*
—Oo—fde12
Q- fde12-10
3| —7— flmm2-1 | |
10
- flmm2-2
=@ flmm2-3
—a— fhbvm
102 L <@ fhovm2 |
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Problem 3
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Problem 3 WPD

10* I
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Problem 4

8l _ r(5+ a/2) 3 3
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Problem 4 WPD
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Problem 5

24 4
(02) _ 1 — $2)2 4 (4 4 2401 _ 340:3),0.2\2 _ 2 38 _ (L8
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Problem 5 WPD
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Problem 6

(@) _ T4+a)

o T+«
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Problem 6 WPD
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Problem 7

Fractional Brusselator:

0.7
YOO =1 — 4y + ydy,

t € [0,200],

36

34

32
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Problem 7 WPD
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Problem 8

Fractional Van der Pol:

yl(o.g) _ (0.9)

t € [0,30],

Y2, Yo =

—y1 — 10y2(yf — 1),

y(0)= (0, -2)".
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Problem 8 WPD
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Conclusions

o Effective numerical methods can be devised for solving ODE-IVPs by
expanding the vector field along the Legendre polynomial basis

@ In this way, the class of HBVMs methods is derived

@ Such methods are particularly effective for solving Hamiltonian
problems, and can gain spectrally accurate solutions

@ The approach can be extended to FDE-IVPs by expanding the vector
field along a suitable Jacobi polynomial basis

@ In this way, the class of FHBVMs methods is derived, able to gain
spectrally accurate solutions as well

@ Their effectiveness is confirmed by a number of examples taken from
the FDE-Testset

THANK YOU!
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