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Overview

• Motivation from application projects

• Linear perspective to shape optimization

• Pre-shape calculus

• Further aspects
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Turbomachinery design

Supported by BMBF: Uni Wuppertal, 
Siemens, DLR, Uni Trier (D. Luft)

Goal: find shapes minimizing low cycle 
fatigue

Model: RANS together with stochastic 
damage model

Pressure field for T106A
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Shape Optimization for Mitigating Coastal 
Erosion

Initial Mesh Optimized Mesh

Langue de Barbarie: SWE results

Supported by DFG: University Cheikh Anta 
Diop of Dakar (Diaraf Seck), Senegal, and 
Uni Trier (L. Schlegel)

Goal: find shapes which mitigate coastal 
erosion

Model: shallow water combined with 
Exner’s law
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Interface problem as test case
Dirichlet = 1

Dirichlet = 0

µ = 10�6

<latexit sha1_base64="ux+PnEnmPizPwpPfplWjwpQRLQA="></latexit>

µ = 1

<latexit sha1_base64="PHL+vN+uKPOViWddOFuWU1SyYsc="></latexit>
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Shape derivative for free node parametrizations
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Example: simple objective, no PDE constraint

Wt = Tt,V(Wo)
Tt,V(x) = x + t · V(x)

directional derivative in direction   :V

f (Wt) =
Z

Wt

g(x)dx

d f (Wt)[V] :=
d
dt t=0

f (Wt) =
d
dt t=0

Z

Wt

g(x)dx

=
d
dt t=0

Z

Wo

g(Tt,V(x))|det(DTt,V(x))|dx
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| {z }
divV(x)

(Gauss)

=
Z

Wo

div(g(x)V(x))dx

=
Z

∂Wo

V(x)�~n(x) · g(x)dx

=
Z

Wo

d
dt t=0

g(Tt,V(x))|det(DTt,V(x))|dx

=
Z

Wo

⇥g(x)�V(x) + g(x) · tr(DV(x))dx
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Shape derivative for free node parametrizations

(Hadamard)

d f (W)[V] =
Z

∂W
g < V, n > ds

<latexit sha1_base64="tmx8ZXPcFobY74FQ3++Q5uBCl+E="></latexit>
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Shape derivative for interface problem with 
perimeter regularization
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Some background

• Shape derivative -> descent direction, firstly shown to support 
convergence to solution in [Hintermüller, 2005]
• Lots of theory on characterization of shapes and optimality 

conditions by, e.g., Allaire, Delfour, Zolesio, Sokolowski, Trouve, 
Mäkinen, Eppler, Harbrecht, Schneider, Sturm, ...
• Only very view investigations on algorithmic aspects besides finite 

dimensional cases.
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Standard Optimization Algorithm 
[Schulz/Siebenborn/Welker, SIOP 2016]

• Solve                                              , where a(.,.) from elasticity, 
resulting in a Steklov-Poincarè type metric on the shape 
boundary
• Improve U in a l-BFGS double loop (based on previous steps)
• Update shape together with whole mesh on domain

• Steklov-Poincarè type metric in line with Hessian analysis

a(U, V) = dJ(Wk
2)[V] , 8V

Wk+1 = (id + t · U)(Wk)
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a(U, V) :=
Z

W
s(U) : e(V)dx = dJ[V], 8V 2 H

1

s(Z) := ltr(e(Z))I + 2µe(Z)

e(Z) :=
1
2
(rZ +rZ

>)

l = 0
µ solves the elliptic BVP:

4µ = 0 , in W1

µ = µmax , on Gint

µ = µmin , on ∂W

Elasticity with varying Lame
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Shape Hessian for Newton performance

• Bilinear mapping - obviously not symmetric (outside solution)

• Symmetric Riemannian variant (Schulz 2014)

• Related problem [Eppler/Harbrecht/Schneider, SICON 2007]:

• Dirichlet-to-Neumann map for 2nd order may give appropriate scalar product 
[Schulz/Siebenborn/Welker, SIOP 2016]

d2 J(W2)[V, W] =
d
ds s=0+

d
dt t=0+

J((id + sV) � (id + tW)(W2)) : W1,•(W)⇥ W1,•(W) !

where (id + sV) � (id + tW) = id + tV + sW + stV � W

d
2

J(W2)[an|G, an|G] � ckak2
H1/2(G)
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Shape concepts: linear

• Finite shape parametrization in many  industrial shape 
optimizations
• Pro: vector space setting, fits in CAD framework
• Con: complexity inevitably increases with number of parameters, mesh sensitivities 

can become expensive, set of reachable shapes is restricted
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Method of mapping

• Essentially considers the deformed 
boundary as a graph

• Limits reachability

• Example: Dido Problem: method of 
mapping vs. solution
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Nonlinear Shape space Be

Illustration of a path in shape space

• Smooth shapes with manifold 
structure [Schulz, 2014]

• Algorithmic implementation asks 
for less smoothness

-> Diffeologies [Welker, 2021] 
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Algorithmic implementation of shape calculus

Non-CAD approach built on shape calculus
• avoids cons of parametric approach, can be very 

efficient
• Essentially, deformation vector field is added to 

current mesh

Idea: let‘s use the deformation vector field itself as 
optimization variable!
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Shape algo with focus on deformations



Volker Schulz Go20, Gozo 2023

Linear View on Shape Optimization

• Consider all domains of deformations of an initial domain

• Define objective on deformation Hilbert  space           :

• Derivative related to shape derivative 

W = T(W0), T 2 H deformation

<latexit sha1_base64="yV4oZj1coIOqcsvI/BI5hX8dOb8="></latexit>

H

<latexit sha1_base64="xVDueUwmRPGQsMRDpwr/dtUsSaI="></latexit>

f (T) := J(T(W0))

<latexit sha1_base64="GXBiuN/nhHPCl9R/r11rniD/t+M="></latexit>

dJ(W)[Z] =
d
dt t=0+

J((I + tZ)(W)) =
d
dt t=0+

f ((I + tZ) � T) = f 0(T)[Z � T]

<latexit sha1_base64="/PZppxC7zCRBQYAANOdqD2R05V8="></latexit>

[S. Schmidt and V. Schulz, 
arXiv: 2203.07175,
2023: acc. with SICON]



Volker Schulz Go20, Gozo 2023

Consequences
• Shape derivative is equivalent to deformation derivative – in local 

coordinates

• Taylor series in linear space with linear shape Hessian

r f (T) = rJ(T(W0)) � T

<latexit sha1_base64="Hwv2bJW9zOV6AuQq+ZyOeEbwnUk="></latexit>

J((I + V)(W)) = J(W) + b(rJ(W), V)T +
1
2

J00(W)[V, V] +O(kVk
3)

<latexit sha1_base64="vgtmsTL6fX/IA+gxGxSPzpg4QGY="></latexit>

J00(W)[V, W] :=
d

ds1 s1=0+

d
ds2 s2=0+

J((I + s1V + s2W)(W)).

<latexit sha1_base64="DPV1ev/QMZg45dl1rk4/d5+7l6c="></latexit>

d2 J(W)[V, W] =
d

ds1 s1=0+

d
ds2 s2=0+

J((I + s1V) � (I + s2W)(W))

<latexit sha1_base64="+QNYBc+6PlorRgKAb6FdZC+l8Ag="></latexit>
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Central relation

• Linear second shape derivative enables transfer of NLP algorithms and 
their convergence properties to shape optimization.
• Standard shape Hessian is non-symmetric perturbation of second shape 

derivative, vanishing at the solution.

-> Derive shape Hessian in the standard process and forget all terms 
containing  (DV)W on the way.
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Challenge: Hessian with huge nullspace!

• Hessian defined by

• Newton with pseudo-inverse

• Locally quadratic convergence of residual [Deuflhard, 2004]
• MP pseudo-inverse depends on choice of scalar product [Groetsch 

1977] 

g(H(T)V, W) := f
00(T)[V, W] , 8V, W 2 H

<latexit sha1_base64="PRoZoIEEnT2qeXLVyR2Vo+lIAb4="></latexit>

T
k+1 = T

k + V
k � T

k , where V
k = �H(Tk)+r f (Tk)

<latexit sha1_base64="wtV2pkYoQD4WznPRGLynCmilygA="></latexit>



Volker Schulz Go20, Gozo 2023

[S. Schmidt and V. Schulz, arXiv: 2203.07175]

H

(Alternative: Krylov subspace methods)
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Weak view on PDE constrained shape calculus

Lagrangian:

Weak necessary conditions: -> Shape derivative of 
Lagrangian leads to material 
derivatives to be used as test 
functions!

Alternative: „averaged adjoints“ due to K. Sturm
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Newton method in weak formulation
• Regularized KKT system

• With scalar product
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Interface problem as test case
Dirichlet = 1

Dirichlet = 0

µ = 10�6

<latexit sha1_base64="ux+PnEnmPizPwpPfplWjwpQRLQA="></latexit>

µ = 1

<latexit sha1_base64="PHL+vN+uKPOViWddOFuWU1SyYsc="></latexit>
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Numerical tests

#1 = 3 · 10�2

<latexit sha1_base64="oeeIbMjPTeP5aUsk3IcPHk2TOU4="></latexit>
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Effect of #1

<latexit sha1_base64="S614tSQ836LlHzeiZR+MbhQGItw="></latexit>

For ambitious regularization, 
one must start closer



Volker Schulz Go20, Gozo 2023

Adaptive choice of #1

<latexit sha1_base64="S614tSQ836LlHzeiZR+MbhQGItw="></latexit>
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Pre-Shape Calculus
Daniel Luft  and Volker Schulz

arXiv:2012.09124, arXiv:2103.15109

Published in Journal Control & Cybernetics 2021/22
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Problem with normal deformations

• Hadamard: tangential 
movements are irrelevant for 
shape derivatives!

• Large deformations: bad 
tangential resolution

-> improve this in an integrated 
way
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Shape spaces and functionals

Let be a n-dim. orient. path-conn. and compact       -submanifold 
of           . Then

is called space of smooth shapes. Further

is called shape functional.

M

<latexit sha1_base64="hj8+ZAbenX2jIwbC44a57aeQW7k="></latexit>

C•

<latexit sha1_base64="cDwHsRCM0AqUKEnKs2Yz/K2MG8s="></latexit>

n+1

<latexit sha1_base64="3itLOe9deUoMO0tEwsQQrrtY5mY="></latexit>

Bn
e := Emb(M, n+1)/Diff(M)

<latexit sha1_base64="zzQg1hqNGnWwwId/A6DvCqu+wZo="></latexit>

J : Bn
e !

<latexit sha1_base64="WICPoZS7e6hvpxaR85/SpCy+hZs="></latexit>

[P.W. Michor, D. Mumford, 2006]
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Shape space Be

Illustration of a path in shape space
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Shape calculus
Let     be a shape functional,                and                                          . Then 
the family of shapes

is called perturbation of identity of       in direction    . The limit

is called shape derivative for     in       in direction     , if it exists and is 
linear and bounded in V.

Hadamard:

J

<latexit sha1_base64="rnPJdlPsU9pZatJaLk4hKLT1L4g="></latexit>

G 2 Bn
e

<latexit sha1_base64="Rufsbe2sPySYhgIQW8BXBZcqPbA="></latexit>

V 2 C•
0 ( n+1, n+1)

<latexit sha1_base64="vphR+SHuGab6fPRm01u1xtC3F5Y="></latexit>

Gt(x) := {x + t · V(x) | x 2 G}

<latexit sha1_base64="ousS03Gtk6iImTjHncZzLH/yHBg="></latexit>

G

<latexit sha1_base64="yFSEM/KgSPdY0Tdtf+ntOJw7G2w="></latexit>

V

<latexit sha1_base64="vKDhgFOmrStf11qVp1L1fficK2g="></latexit>

DJ (G)[V] := lim
t!0+

J (Gt)� J (G)
t

<latexit sha1_base64="gTpTow40tAsHuCBJpvTdR0YxrJ4="></latexit>

J

<latexit sha1_base64="rnPJdlPsU9pZatJaLk4hKLT1L4g="></latexit>

G

<latexit sha1_base64="yFSEM/KgSPdY0Tdtf+ntOJw7G2w="></latexit>

V

<latexit sha1_base64="vKDhgFOmrStf11qVp1L1fficK2g="></latexit>

DJ (G)[V] =
Z

G
g · (V,~n)ds

<latexit sha1_base64="NOhmcbFvMtNJRWSYiKMUEqmXAxE="></latexit>
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Pre-Shape spaces and functionals

Let be a n-dim. orient. path-conn. and compact       -submanifold 
of           . Then

is called pre-shape space. Further

is called pre-shape functional.

M

<latexit sha1_base64="hj8+ZAbenX2jIwbC44a57aeQW7k="></latexit>

C•

<latexit sha1_base64="cDwHsRCM0AqUKEnKs2Yz/K2MG8s="></latexit>

n+1

<latexit sha1_base64="3itLOe9deUoMO0tEwsQQrrtY5mY="></latexit>

Emb(M, n+1)

<latexit sha1_base64="9W+/qykelpJD8RT5QtySwiotUdE="></latexit>

J : Emb(M, n+1) !

<latexit sha1_base64="T4ualbsZ/kjTlftcacUP4LwhXPE="></latexit>

[M. Bauer, M. Bruveris, and P.W. Michor, 2014]
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Pre-Shape Space 
Emb(M, n+1)

<latexit sha1_base64="cdCG7GjpfF2mUcmutjVwkFZo0kI=">AAAEvXicjVNNb9NAEJ0UA234aAoHDlwMAamIKrJRqsKJCijiUqlUpK1Ul8h2Nukq/pLtJG0t/xqu8Dv4DfwXDryZuKmgpGDL3tm3M2/m7c56SaCz3LJ+1BauGddv3Fxcqt+6fefucmPl3l4Wj1Jfdfw4iNMDz81UoCPVyXUeqIMkVW7oBWrfG77l9f2xSjMdR5/y00Qdhe4g0n3tuzmgbuOBk6uTvNgKvXJ1e83Z/Vx </latexit>

Illustration of a path in pre-shape 
space
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Pre-shape calculus
Let     be a pre-shape functional,                                         ,                                          
Then the family of functions

is called (pre-shape) perturbation of identity of       in direction    . The 
limit

is called pre-shape derivative for     in       in direction     , if it exists 
and is linear and bounded in V.

V 2 C•
0 ( n+1, n+1)

<latexit sha1_base64="vphR+SHuGab6fPRm01u1xtC3F5Y="></latexit>

V

<latexit sha1_base64="vKDhgFOmrStf11qVp1L1fficK2g="></latexit>

V

<latexit sha1_base64="vKDhgFOmrStf11qVp1L1fficK2g="></latexit>

J

<latexit sha1_base64="/L475P4Q8JeQMbevl6KImpKfDJI="></latexit>

j 2 Emb(M, n+1)

<latexit sha1_base64="R3G0sLMrKHPRUjwPfPM7JP7hyPc="></latexit>

jt := j + t · V � j

<latexit sha1_base64="+HByauOGht35U5FPkkn77j78yKw="></latexit>

j

<latexit sha1_base64="+hCdCFH+Aohfi6makw4sJzNmPog="></latexit>

DJ(G)[V] := lim
t!0+

J(jt)� J(j)
t

<latexit sha1_base64="f8EUp5dZjxvhShSpkNXbT1VZdKg="></latexit>

J

<latexit sha1_base64="TyOfWAQUj3FyVJbBjdtIF34mFBs="></latexit>

j

<latexit sha1_base64="+hCdCFH+Aohfi6makw4sJzNmPog="></latexit>
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Relations

• Every shape differentiable function is also pre-shape differentiable 
via canonical extension

• Pre-shape material derivative         is analogously defined

• Pre-shape calculus gives similar formulas as shape calculus

• There is also a pre-shape Hessian

J : Emb(M, n+1) ! , j 7! J (p(j))

<latexit sha1_base64="Hj/3HUuvLXEesqmmoKQ54IPF1AQ="></latexit>

Dm

<latexit sha1_base64="DVAKsQxqZWkeMYspuZymUjSlOuw="></latexit>
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Pre-shape structure theorem

Let                                              be a pre-shape differentiable pre-shape 
functional and let 

Then there exist functions                                              
depending on         such that 

arXiv:2012.09124

J : Emb(M, n+1) !

<latexit sha1_base64="ZBNhAeXhhSnjqrHdF16AZTvFTSU="></latexit>

j 2 Emb(M, n+1)

<latexit sha1_base64="FdFD/VSRSJW5wrEFMQbpd0SupN4="></latexit>

j

<latexit sha1_base64="h7OXe/GohL812tiPPDZ4KX7MV/A="></latexit>

DJ(j)[V] =
Z

j(M)
gn · (V,~n) + gt(V)ds, supp(gt|j(M)) ⇢ Tj(M)

<latexit sha1_base64="k9Rb/2M4CLMwewP98OBgJJe32bQ="></latexit>

gn : j(M) ! , gt : C•( n+1, n+1) !

<latexit sha1_base64="UkSZZfP0TUNl8ZTUeQrnZURR6kc="></latexit>
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Example S1

j̃ = a · id

<latexit sha1_base64="DNd/+74mKhv4qePwDA1hTTl7T7Y="></latexit>

example

) DJ(id)[V] =
Z

S1
(1 � a) · hV,~nids

<latexit sha1_base64="3oXY5vhRvl/QSqfdcfJVIqjaFv0="></latexit>
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Rotation of S1
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Tracking
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Pre-shape derivative of tracking
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Illustration of the 
gradient components 
on S2

normal tangential
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Deformation based on tangential component
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Yet another target distribution

target - gradient result
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Bilevel shape and mesh optimization

<- tracking

<- shape

-> Generalization to Volume mesh analogously
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Consistent one level implementation 

tang
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Further active topics

• Usage of Hadamard semiderivative for deriving shape derivatives 
for variational inequalities as in contact problems or Bingham fluids 
[Goldammer/Schulz/Welker arXiv:2208.03687]

• Shape calculus for nonlocal problems as in peridynamics or 
nonstandard diffusion [Schulz/Schuster/Vollmann 
arXiv:1909.08884]
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Conclusion
• Shape optimization is vital in many applications.

• Focus on deformations rather than shapes gives a linear 
framework for algorithmic analysis, which acts as a linear “lifting” 
of the nonlinear shape space in minimal coordinates. 

• Pre-shape calculus provides a framework for joint consideration of 
shape and mesh optimization.

• VI  and nonlocal problems can be integrated within this framework


