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Overview

* Motivation from application projects
* Linear perspective to shape optimization
* Pre-shape calculus

* Further aspects
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Interface problem as test case

Dirichlet = 1

Dirichlet =0

: 1 9 e
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Shape derivative for free node parametrizations
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T v(Q),where Ty y(x) = x +t-V(x)
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Example: simple objective, no PDE constraint

Q)= [gx)dx  Qr=Tiy(Q)
Q) Lol e - V( x)

directional derivative in direction V-
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Shape derivative for free node parametrizations

@)

AAY 4(©)V) = i L1202 =S ()

/

\
'\ 4 Vi Q)W) = [ g<V,n>ds

T v(Q),where Ty y(x) = x+t-V(x)

€<

V

(Hadamard)

UNIVERSITAT

Volker Schulz G020, Gozo 2023 ‘ TRIER



Shape derivative for interface problem with
perimeter regularization

Q)[V]

_/dIV ( (u—2)*>+uVu' VA — Af) —(u—2)Vz'V
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Some background

* Shape derivative -> descent direction, firstly shown to support
convergence to solution in [Hintermdiller, 2005 ]

* Lots of theory on characterization of shapes and optimality
conditions by, e.g., Allaire, Delfour, Zolesio, Sokolowski, Trouve,
Makinen, Eppler, Harbrecht, Schneider, Sturm, ...

* Only very view investigations on algorithmic aspects besides finite
dimensional cases.
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Standard Optimization Algorithm

[Schulz/Siebenborn/Welker, SIOP 2016]

e Solve a(U, V) =dJj(Q"[V], VV, where a(.,.) from elasticity,
resulting in a Steklov-Poincare type metric on the shape
boundary

* Improve U in a I-BFGS double loop (based on previous steps)
* Update shape together with whole mesh on domain

O = (id + - U)(QY)

* Steklov-Poincare type metric in line with Hessian analysis
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Elasticity with varying Lame

a(U, V) = /QU(U) . e(V)dx = dJ[V], ¥V € H!

0(Z) = Atr(e(Z2))] +2ue(Z)

f_161

1 2.000e+01
A — O - 575
u solves the elliptic BVP: o
A‘M =0 , n Ql

H = Hmin , O d()
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Shape Hessian for Newton performance

d d

2 - —
POV W =

- J((id +sV) o (id + tW)(Qy)) : WL (Q) x WL (Q) - R

t=0+

where (id+sV)o(id+tW)=id+tV +sW+stVoW

» Bilinear mapping - obviously not symmetric (outside solution)
« Symmetric Riemannian variant (Schulz 2014)
* Related problem [Eppler/Harbrecht/Schneider, SICON 2007]:
2 2
2J(0n)[anlr, anlr] > clla)Zyz
e Dirichlet-to-Neumann map for 2" order may give appropriate scalar product
[Schulz/Siebenborn/Welker, SIOP 2016]
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e Kontrollpunkte

Shape concepts: linear

Ad [Axo

N\

* Finite shape parametrization in many industrial shape
optimizations
* Pro: vector space setting, fits in CAD framework

* Con: complexity inevitably increases with number of parameters, mesh sensitivities
can become expensive, set of reachable shapes is restricted
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Method of mapping

* Essentially considers the deformed
boundary as a graph

* Limits reachability
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Nonlinear Shape space

* Smooth shapes with manifold:
structure [Schulz, 2014] \

* Algorithmic implementation as
for less smoothness

-> Diffeologies [Welker’ 2021] 6f a path in shape space
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Algorithmic implementation of shape calculus

Non-CAD approach built on shape calculus

* avoids cons of parametric approach, can be very
efficient

* Essentially, deformation vector field is added to
current mesh

== [dea: let’s use the deformation vector field itself as
optimization variable!
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Shape algo with focus on deformations

Algorithm Steepest Descent Shape Deformation Optimization

k := 0, initialize T = I, ¢

repeat
determine V* solving by (V*, Z) = —dJ(Q*)[Z], VZ € H
Line search: find t* ~ argmin, J((I + tV*) o T*(Q°))
TrHL = (I +tFVk) o T*
k:=k+1

until ||[VF|| <e

UNIVERSITAT

Volker Schulz G020, Gozo 2023 ‘ TRIER



Linear View on Shape Optimization (5Tt ="

2023: acc. with SICON]
* Consider all domains of deformations of an initial domain

QO =T(Q", T & H deformation

* Define objective on deformation Hilbert space H :
. 0
f(T) == J(T(QY))
* Derivative related to shape derivative

GOZ)= gl JUF2)) = G f(U+eZ)oT) = f(T)ZoT

UNIVERSITAT

Volker Schulz G020, Gozo 2023 ‘ TRIER



Conseguences

* Shape derivative is equivalent to deformation derivative - in local
coordinates

VA(T) = VI(T(Q°)oT
* Taylor series in linear space with linear shape Hessian

J(I+ V)(Q)) = J(Q) +B(VI(Q), V) + 5 ] (Q)[V, V] + O([V]?)

d d
POWW = S (4817 +5W)(Q)).
STl =0+452ls, =0+
d d
PV W] =~ J(T+sV)o(I+5W)(Q)
Sl 0—|— 82 82:0+
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Central relation

J"(Q)[V, W] = d*J(Q)[V, W] — d](Q)[(DV)W]

* Linear second shape derivative enables transfer of NLP algorithms and
their convergence properties to shape optimization.

* Standard shape Hessian is non-symmetric perturbation of second shape
derivative, vanishing at the solution.

-> Derive shape Hessian in the standard process and forget all terms
containing (DV)W on the way.
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Challenge: Hessian with huge nullspace!
* Hessian defined by  ¢(H(T)V,W) := f"(T)[V,W], VV,W € H

* Newton with pseudo-inverse

T = TF + Vo TF, where V¥ = —H(TX) TV £(T)

* Locally quadratic convergence of residual [ Deuflhard, 2004]

* MP pseudo-inverse depends on choice of scalar product [Groetsch
1977]
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[S. Schmidt and V. Schulz, arXiv: 2203.07175]

THEOREM Let (H, g) be a Hilbert space with inner product g. We assume that
the linear operator H defined on H h

s closed range and is not necessarily invertible.
When solving the equation| HV = b

with b € R(H), we obtain|V := H7Tb|as the
minimum norm solution, where H' s the Moore-Penrose pseudoinverse operator.

Then, the vector V is also the unique solution of the optimization problem

min g(V,V)
s.t. HV =50

Furthermore, if H is self-adjoint in the scalar product g and positive semidefinite,

then the vector V' can be computed as the limit of the solutions V. of the following
family of linear-quadratic problems parameterized by € > 0. For

1
V. = arg m‘}n §g(HV, V)—g(b,V)+ %g(V, V)

A

there holds lim._,q V. = V.
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Weak view on PDE constrained shape calculus

min/(u, Q) Lagrangian:
s.t.a(u, \; Q)+f(1;,Q) =0, VA€ A L(u, Q) =J(u,Q)+a(u, A, Q)+ f(A; Q)
Weak necessary conditions: -> Shape derivative of

Lagrangian leads to material
A% (u, A; Q)| duu|V],duAlV], V] = derivatives to be used as test
d

0
V(dwu[V],duA[V],V) € U x A x H(D,D) functions!

Alternative: ,averaged adjoints” due to K. Sturm
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Newton method in weak formulation
* Regularized KKT system
L (wgo, oy M) [, V, N[, V, ] + gbgk (V, V) = — d % (ur, U, o[, V, A]
(@i, d,\) € CGy, x CGZ x CGy,
* With scalar product

bgk(W,V):! ((W,V)FJr%(VW,VV)F) dz

UNIVERSITAT

Volker Schulz G020, Gozo 2023 ‘ TRIER



Interface problem as test case

Dirichlet = 1

Dirichlet =0

: 1 9 e
(I?ILIIQII) 5/(u—z) da:—I—ER(Q)
Q
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Numerical tests
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Effect of €

For ambitious regularization,
one must start closer

Volker Schulz
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Adaptive choice of ¢
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Test for adaptivity based on €, = O(||V*||). The proportionality factors are 800, 1600,
3200 and 6400 as the mesh resolution increases.
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Pre-Shape Calculus

Daniel Luft and Volker Schulz
arXiv:2012.09124, arXiv:2103.15109
Published in Journal Control & Cybernetics 2021/22



Problem with normal deformations

* Hadamard: tangential
movements are irrelevant for

shape derivatives!

* Large deformations: bad
tangential resolution

-> improve this in an integrated
way
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Shape spaces and functionals

[PW. Michor, D. Mumford, 2006]

Let M be a n-dim. orient. path-conn. and compact C~submanifold
of Rt Then

B! := Emb(M,R"*1) /Diff(M)
is called space of smooth shapes. Further
J:B]l - R
is called shape functional.
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Shape space B,

Illustration of a path in shape space
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Shape calculus

Let Jbe a shape functional,I' € B} and V € CF°(R"!, R"*1). Then
the family of shapes

Ti(x) = {x+t - V(x)|x €T}

is called perturbation of identity of 1 in direction V. The limit

DIM)V] = tim LI =T

t—0+ {

is called shape derivative forJ in I in direction V/, if it exists and is
linear and bounded in V.

Hadamard: DJ(T)|V] :/g-(V,ﬁ)ds
s UNIVERSITAT
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Pre-Shape spaces and functionals

[M. Bauer, M. Bruveris, and PW. Michor, 2014]

Let M be a n-dim. orient. path-conn. and compact C~submanifold
of Rt Then

Emb(M, R" 1)
is called pre-shape space. Further
J:Emb(M,R") - R
is called pre-shape functional.
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(o)

Pre-Shape Space
Emb(M,R" 1) 00
Illustration of a path in pre-shape . | on
space Emb(M,R"*?) po(M)
p1(M)
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Pre-shape calculus

Let ybe a pre-shape functional, ¢ € Emb(M, R"™) vV e C(R", R
Then the family of functions

Pr:=¢+t-Vog
is called (pre-shape) perturbation of identity of @ in directionV. The

limit N 14
DJ([)[V]:= tli%}r 3(¢1) t_d(q))

is called pre-shape derivative for J in @ in direction V/, if it exists
and is linear and bounded in V.
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Relations

* Every shape differentiable function is also pre-shape differentiable
via canonical extension

J:Emb(M,R"™) = R, ¢ — J(n(9p))

* Pre-shape material derivative Dy, is analogously defined
* Pre-shape calculus gives similar formulas as shape calculus

* There is also a pre-shape Hessian

Volker Schulz G020, Gozo 2023 ‘ $ Il;l || \E/E RSITAT



Pre-shape structure theorem arxivi2012.09124

Let J:Emb(M,R"") = R be a pre-shape differentiable pre-shape
functional and let ¢ € Emb(M,R"™1)

Then there exist functions §" : (M) — R, ¢’ : C*(R"™, R""1) = R
depending on @ such that

D] (p)[V] = /q) » g"-(V, )+ ¢ (V)ds,  supp(8'l,om) € Ty

Volker Schulz G020, Gozo 2023 ‘ ¥II;I|| \E/IE RSITAT



1 2 A
Example S1 Serri%%I‘slvl R2) 2/ |90 S0| ds =: J(QO)

~ d 1
DIV =g, o5 |, lee— 8l ds
1 d - -
=2 [ Qi P TV op Pt t-Vop—g)ds
:/ (p— @,V o) ds.
S1
example

p=n-id > DGV = [ (1—w)-(V,i)ds
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Rotation of S

it vme, () o (1) “ane)) ()

(1= cos(a)) - (n, V) ds + /S sin(a) - (r, V) ds
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Tracking

Let gM: M — (0,00), £, : o(M) — (0,00) be C>®-functions. Further let

/ f, ds :/ gMds Ve € Emb(M,R™).
(M) M

g(x)
2

1.5

1

Then the following problem ,

. 1 M | _ 2 1
- det D"~ £,) d
L,OEEmrbn(I/\'),R”+1)2 /QO(M) (g °¥ © 7 i >

is called Shape Parametrization Tracking Problem.
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Pre-shape derivative of tracking

o o1 =4 (e )

_ 1 _ of
M L, Lo N A
+ (0o guprg oe T —fe) - (B Vem + DUV ds
1 M _, -1 1 —1)2 2 -
— — - (g o™ - X% — fo ) - divp(V —(V,n) - n
1
M _ -1 — . T
+ (g P detDrg  F f“") Vri,V ds,
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tangential
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Deformation based on tangential component
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Yet another target distribution

5011e-01 5,000e-01

target - gradient result
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Bilevel shape and mesh optimization

min 37- (90) <- tracking
wEEmb(M ,R7+1)

S.1. 7T(g0) — arg min j(F) <- shape
I'eB”

-> Generalization to Volume mesh analogously
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Consistent one level implementation

2
/ ly — 9|? dz + 1// 1ds+ Q/ (gM o 1(s)-det D"~ (s) — f<p(s)) ds
D (M) 2 Jo(nr)

st. —Ay=ry,) in D
y=20 on OD.

1
EmlanID 2
¢€Emb(M,D) tang

UNIVERSITAT
W TRIER

Volker Schulz G020, Gozo 2023



(a) Linear elasticity without regularization

(c) Linear elasticity with tangential and vol-
ume parameterization tracking

Volker Schulz

(b) Linear elasticity with tangential parame- (a) Linear elasticity without regularization (b)‘ Ligear elast'icity with tangential parame-
terization tracking terization tracking

(d) Linear elasticity with tangential and
free outer boundary volume parameterization
tracking

(d) Linear elasticity with tangential and (c) Linear elasticity with tangential and vol-
free outer boundary volume parameterization —ume parameterization tracking
tracking
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Further active topics

* Usage of Hadamard semiderivative for deriving shape derivatives
for variational inequalities as in contact problems or Bingham fluids

[Goldammer/Schulz/Welker arXiv:2208.03687]

* Shape calculus for nonlocal problems as in peridynamics or
nonstandard diffusion [Schulz/Schuster/Vollmann
arXiv:1909.08884]
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Conclusion

» Shape optimization is vital in many applications.

* Focus on deformations rather than shapes gives a linear
framework for algorithmic analysis, which acts as a linear “lifting”
of the nonlinear shape space in minimal coordinates.

* Pre-shape calculus provides a framework for joint consideration of
shape and mesh optimization.

* VI and nonlocal problems can be integrated within this framework
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