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The SIR model

e Assumes recovered
patients are immune

e Simple, but effective Iin
predicting basic pattern

of an epidemic
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The SIR model

gj’(t) — —ﬁyx X: Susceptible fraction
y: Infected fraction
y/(t) — 5yaj — YY z: Removed fraction
/
2 (t) = vy
B . Contacts per person per day
rt+y+z=1 ”y_l . Length of infectious period

Kermack & McKendrick, 1927

o) — 5/’}/ . Average number of contacts by one infected individual

(# of contacts per day) x (# of days contagious)
Basic reproduction number



Can reduce system to 2 equations:

(t) = —vyooyx

aj/
y' (t) = vyooyz — Yy

e Equilibrium: y = 0

e Stableif = <1/0g

Dynamics
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Individuals (in millions)
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The SIR model with contact control (SIRq)

SIR: With social distancing (SIRq):

v’ (t) = —vyoyx r'(t) = —yo(t)yx

y' (t) = vyoyr — vy y'(t) =yo(t)yx — vy
0<o(t) <oy

o) (t) . Time-dependent contact rate



Assumptions

 Epidemic proceeds according to SIRg model

e No vaccination

* |ntervention can be imposed only up to a finite time T,
after which o(t) = oy



Goal: minimize eventual total infections, or
equivalently maximize

oo = tlggox(t) =1 tll)IEOZ(t)

Objective function:

J =— lim z(t) + /T L(o(t))dt

{— 00 I

Penalty for infections
y Penalty for control



Effect of constant
contact reduction
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For each scenario, o(t) is held at a constant value up to t=T.

Total # infected is about the same in all cases.



Given (zg,yo) € D,09 > 0,T > 0,

choose an admissible control o(t) : [0, T] — [0, 0¢] to minimize

J =— lim x(t) + /T L(o(t))dt

t— 00

subject to SIRq:

' (t) = —yo(t)yz
y' (t) = yo(t)yz — vy



We know Zoo < 1/0g

The neutrally stable
equilibrium can only be reached
after an infinite time interval
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Controls that reach the
neutrally-stable equilibrium

e Infinitely many such controls
exist

e (Green line: no control until
herd immunity Is reached,
then maximum control

 Orange line: constant control
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Zero-cost finite-time control

What is the optimal control if there is no cost for reducing contact?

Given (xg,yo) € D,o9 > 0,T > 0,
choose an admissible control o(t) : [0,7T] — |0, o¢]

to minimize J = — lim z(?)
t—o0

Major difficulty with this problem: objective depends on state as { — o0



Finite-time reformulation

e Uncontrolled trajectories
are level sets of
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Finite-time reformulation

Given (xg,¥yo) € D,00 > 0,T > 0,

choose an admissible control o(t) : [0,7] — [0, 0¢] to minimize

J = _xoo(x(T)ay(T)aaO)

subject to SIRq.



Impact of control
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Pontryagin’s Maximum Principle

e The PMP states that the optimal solution maximizes the
Hamiltonian:

H(z(t),y(t),0(t), A12(t),1) = =M () yo )y (t)z(t) + A2 () yy(8) (o ()2 (t) — 1) + L(z(1), y(t), o ()

The new variables satisfy a system of ODEs with conditions at the final time T.
Thus the PMP leads to a two-point boundary value problem.

2(0), y(0)—> — M\ (T), X2(T)
ﬁ
t=0 t:T

The optimal control is given implicitly by

OL
p = —(A2(f) — Av(f))yyz
O lo(t)=6(t)



The optimal control is given implicitly by

OL
e = —(A2(t) — A1 (t))vyx
O \o(t)=6(t)

But also subject to the bounds:
o*(t) = max (0, min (cg, 5(t)))

Because the RHS is independent of o,
the optimal control will always be the upper or lower bound.

This is known as a bang-bang control.



Bang-bang SIR controls

' (t) =0

o O — p

y () ==y
e Alternate between following flow
lines (control off) and moving straight
downward (control on)

e The best control is the one that
reaches a given point in the shortest
time

e |t can be shown that the green path
is fastest

e This further implies that there is only
one switching time
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Optimal zero-cost control

Theorem 3. The optimal control for (15) is unique and is given by

where

1

t* =0 if 29 < ,
R

and otherwise t* is the unique solution of

1
oo(1 — e—1T—1))

z(t*; 00,20, Yo) =

The proof is based on analysis specific to SIRq, since it doesn’t satisfy
the conditions usually required for uniqueness.



Optimal zero-cost control
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If you have enough time: wait for herd immunity, then impose full lockdown.



Optimal zero-cost control
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If you don’t have enough time: impose full lockdown starting at the optimal moment.
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Hamilton-Jacobi-Bellman
formulation

Ut = YYUy — YTY main ((Uy — Ug)0)

PDE with final condition

X, y become wz,y,T) = —2(x,y,00)

independent variables

u(x,y,t) is the optimal cost o(t) = {0 uy(z,Y,t) > (2,9, 1)
function 00 uy(z,y,t) < uz(2,y,1)



Hamilton-Jacobi-Bellman
formulation

e 2D advection equation ut = YYuy — vy min ((uy — ug)o)

o Att=T Uy -~ Uz g0
O-(T) — O ’LL(CB,y,T) — _:Boo($7y70-0)

* Values are advected
along vertical lines o ()

(U(T) — O) or SIR
trajectories (¢ (T') = O)

0  wuy(z,y,t) > ug(z,y,t)
g0 uy(a:,y,t) < ugz(z,y,t)



Optimal control with
noNn-zero cost



)

e The (weak) PMP gives necessary but not sufficient conditions for optimality
e In the zero-cost case, we could use geometric arguments to show sufficiency
e In general, we will need a more powerful tool. Our options:

e Stronger versions of the PMP. Required conditions are not satisfied by
SIRaQ.

e Solve the Hamilton-Jacobi-Bellman PDE.



Hamilton-dacobi-Bellman

2
Ut — YYUy — — O<I§i<rlao ((uy — ux)fyxyo-(t) T C2 (1 — —) )

U(Qﬁ', Y, T) — ~doo (ZU, Y, OO)

u is the value of the objective function. The minimum is achieved with

o(t) = 0p min (1, max (o, (1 ZZny(uy _ u)>>>

We solve the PDE backward from the final time.

Inserting the PDE solution in the formula above yields the optimal control.

Then, solving the ODE with this control yields the dynamics.



Hamilton-dacobi-Bellman
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Avoiding hospital overflow

Lix(t),y(8), 0 () = e (1 "“)) 3 9(y(0) — Yomar).

Xy T
Economic Penalty for Hospital
cost of intervention hospital overflow capacity
()
g(v) = —
e A full model requires us to quantify: l1+e 00v

e The cost of intervention
e The value of a life

e The increased likelihood of death when hospital beds run out



Avoiding hospital overflow
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Avoiding hospital overflow

_  Hospital capacity is
2 1/ 100 exceeded
C3 — 1
e Total infections
Ymax = 0.1

significantly reduced
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* Control lifted after 200 days
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Covid-19 scenario C
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* Much higher cost of control

* Hospital capacity greatly exceeded

e Substantial epidemiological overshoot
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Numerical solution

 BVP via Pontryagin
* No-cost problem is extremely challenging; c2is a regularizing parameter
 Use parameter continuation in c2

* Hyperbolic PDE via HJB
 Much more expensive in principle (PDE in 2D+time)
* Discontinuous velocity field is difficult to capture accurately
 Boundary conditions at “downwind” boundaries are problematic

e Small errors in the solution can lead to substantial errors in the control



Conclusions
and further directions

All of this is based on an extremely simple model. Nevertheless, it may
reveal useful conceptual or qualitative relations.

Counterintuitively, waiting to intervene can be beneficial even if one
ignores the cost of intervention.

Extensions:

* More complex compartmental models
 Multiple demographic groups

e \accines available in limited supply

e etc.



