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The SIR model

• Assumes recovered 
patients are immune


• Simple, but effective in 
predicting basic pattern 
of an epidemic

Compartmental

Susceptible

Infected

Removed

(recovered or 


deceased)



The SIR model

� :

��1 :

q(t) :

<latexit sha1_base64="Juro8u4mGplPNuxnufNTW9hb45Q=">AAACCXicbVA9SwNBEN2LX/H8ilraLAYhFoY7iShWoo1lBKNC7gxzm01csnt37s4J4Uhr41+xsVDE1n9g579xE1Oo8cHA2/dm2JkXpVIY9LxPpzA1PTM7V5x3FxaXlldKq2sXJsk04w2WyERfRWC4FDFvoEDJr1LNQUWSX0a9k6F/ece1EUl8jv2Uhwq6segIBmilVokGEUc4pEHgBl1QCq7zHX8wet9WcPuQtkplr+qNQCeJPyZlMka9VfoI2gnLFI+RSTCm6XsphjloFEzygRtkhqfAetDlTUtjUNyE+eiSAd2ySpt2Em0rRjpSf07koIzpq8h2KsAb89cbiv95zQw7B2Eu4jRDHrPvjzqZpJjQYSy0LTRnKPuWANPC7krZDWhgaMNzbQj+35MnycVu1a9V985q5aPjcRxFskE2SYX4ZJ8ckVNSJw3CyD15JM/kxXlwnpxX5+27teCMZ9bJLzjvX7Bel8Y=</latexit>

Contacts per person per day

Length of infectious period
Kermack & McKendrick, 1927

Average number of contacts by one infected individual

(# of contacts per day) x (# of days contagious)
Basic reproduction number

<latexit sha1_base64="gT82Jnmui+ccCMXS+k7ZyJzrZx0=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBZBEEoiil6EohePFewHtKFstpt26WYTdzfFGPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKS8srq2vF9dLG5tb2jr2711BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yZ+M0RlYpF4l6nMfVC3BcsYARrI3mP6ASlpp7QFXK7dtmpOFOgReLmpAw5al37q9OLSBJSoQnHSrVdJ9ZehqVmhNNxqZMoGmMyxH3aNlTgkCovmx49RkdG6aEgkqaERlP190SGQ6XS0DedIdYDNe9NxP+8dqKDSy9jIk40FWS2KEg40hGaJIB6TFKieWoIJpKZWxEZYImJNjmVTAju/MuLpHFacc8rzt1ZuXqdx1GEAziEY3DhAqpwCzWoA4EHeIZXeLNG1ov1bn3MWgtWPrMPf2B9/gByb4/v</latexit>

x+ y + z = 1

x: Susceptible fraction

y: Infected fraction

z: Removed fraction

<latexit sha1_base64="U3UecxL3LylJOb1ZZ5yBPhXs5B0="></latexit>

x0(t) = ��yx

y0(t) = �yx� �y

z0(t) = �y

<latexit sha1_base64="PQUG2MecYc1/vsTcSMktMTyZCwk=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8BR3RVEEIejFYwTzgGwIvZPZzZCZ2WVmVgghXvwVLx4U8epfePNvnDwOmljQUFR1090Vppxp43nfTm5hcWl5Jb9aWFvf2Nxyt3dqOskUoVWS8EQ1QtCUM0mrhhlOG6miIEJO62HvZuTXH6jSLJH3pp/SloBYsogRMFZqu3uBZrGAtoevcBBSA8dBDELAZdsteiVvDDxP/Ckpoikqbfcr6CQkE1QawkHrpu+lpjUAZRjhdFgIMk1TID2IadNSCYLq1mD8wRAfWqWDo0TZkgaP1d8TAxBa90VoOwWYrp71RuJ/XjMz0UVrwGSaGSrJZFGUcWwSPIoDd5iixPC+JUAUs7di0gUFxNjQCjYEf/bleVI7KflnJe/utFi+nsaRR/voAB0hH52jMrpFFVRFBD2iZ/SK3pwn58V5dz4mrTlnOrOL/sD5/AHTLJXY</latexit>

�0 = �/� :



Dynamics

<latexit sha1_base64="/agjGj2Jt4+7juDsQDRUQDFTmJs=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU92Vil6EohePFewHtGvJptk2NMkuSVYtS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtcTv/lAlWaRvDOjmPoC9yULGcHGSvdP6BJ5Jx3N+gJ33W6x5JbdKdAi8TJSggy1bvGr04tIIqg0hGOt254bGz/FyjDC6bjQSTSNMRniPm1bKrGg2k+nV4/RkVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrzwUybjxFBJZovChCMToUkEqMcUJYaPLMFEMXsrIgOsMDE2qIINwZt/eZE0TsveWdm9rZSqV1kceTiAQzgGD86hCjdQgzoQUPAMr/DmPDovzrvzMWvNOdnMPvyB8/kDtwaRWw==</latexit>

x = 1/�0

Can reduce system to 2 equations:

• Equilibrium:


• Stable if  
<latexit sha1_base64="r6k8W/0TE8lwGjWVSYKtce+hAUE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4qokoeix68VjBfkATwma7bZfubsLuplhC/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXp5xp43nfzsrq2vrGZmmrvL2zu7fvHhw2dZIpQhsk4Ylqx1hTziRtGGY4baeKYhFz2oqHd1O/NaJKs0Q+mnFKQ4H7kvUYwcZKkes+oYBT5J8HmvUFjrzIrXhVbwa0TPyCVKBAPXK/gm5CMkGlIRxr3fG91IQ5VoYRTiflINM0xWSI+7RjqcSC6jCfXT5Bp1bpol6ibEmDZurviRwLrccitp0Cm4Fe9Kbif14nM72bMGcyzQyVZL6ol3FkEjSNAXWZosTwsSWYKGZvRWSAFSbGhlW2IfiLLy+T5kXVv6p6D5eV2m0RRwmO4QTOwIdrqME91KEBBEbwDK/w5uTOi/PufMxbV5xi5gj+wPn8AfFakpA=</latexit>

x  1/�0

<latexit sha1_base64="2R4V32hm5kv/hB4TwV0J1P/KAdA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtIu3WzC7kYIpb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYY+S0Si2iHVKLhE33AjsJ0qpHEosBWObqd+6wmV5ol8MHmKQUwHkkecUWMlPyfXxO1Va27dnYEsE68gNSjQ7FW/uv2EZTFKwwTVuuO5qQnGVBnOBE4q3UxjStmIDrBjqaQx6mA8O3ZCTqzSJ1GibElDZurviTGNtc7j0HbG1Az1ojcV//M6mYmugjGXaWZQsvmiKBPEJGT6OelzhcyI3BLKFLe3EjakijJj86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBhye4RXeHOm8OO/Ox7y15BQzh/AHzucPhduN1g==</latexit>

y = 0

<latexit sha1_base64="sRYWVwSmlQifjH8t40phZIprxhU=">AAACM3icbVDLSgMxFM3UV62vUZdugsXXomVGfG2EohtxVcFWoVPKnTRtQ5OZIclIh9J/cuOPuBDEhSJu/QfTh6KtBwKHc87l5h4/4kxpx3m2UlPTM7Nz6fnMwuLS8oq9ulZWYSwJLZGQh/LWB0U5C2hJM83pbSQpCJ/TG7993vdv7qhULAyudRLRqoBmwBqMgDZSzb7s7OzqPbyNT3HOa4IQgD3FmgJqDk5wB3teJvlJ/BfIfatJzc46eWcAPEncEcmiEYo1+9GrhyQWNNCEg1IV14l0tQtSM8JpL+PFikZA2tCkFUMDEFRVu4Obe3jLKHXcCKV5gcYD9fdEF4RSifBNUoBuqXGvL/7nVWLdOKl2WRDFmgZkuKgRc6xD3C8Q15mkRPPEECCSmb9i0gIJRJuaM6YEd/zkSVLez7tH+cOrg2zhbFRHGm2gTbSLXHSMCugCFVEJEXSPntArerMerBfr3foYRlPWaGYd/YH1+QXcCaW0</latexit>

x0(t) = ���0yx

y0(t) = ��0yx� �y



<latexit sha1_base64="2jnIlD5CoBOS42i9EZ+UI6ERdms=">AAACD3icbVA9TxtBEN1zAiHmyyRlmhUWiV1g3aEgaJCs0FA6EgZLPsuaW8/ZK+/enXbnECeLf0DDX6GhIIpoaen4N1kbF8HwpJGe3pvRzLwoU9KS7z97pQ8fl5Y/rXwur66tb2xWtr6c2TQ3AtsiVanpRGBRyQTbJElhJzMIOlJ4Ho2Pp/75BRor0+SUigx7GoaJjKUAclK/8r34UaM6P+KhwphqYYQE/JLv8nAIWkNo5HBE9aJfqfoNfwb+lgRzUmVztPqVp3CQilxjQkKBtd3Az6g3AUNSKLwqh7nFDMQYhth1NAGNtjeZ/XPFd5wy4HFqXCXEZ+r/ExPQ1hY6cp0aaGQXvan4ntfNKT7sTWSS5YSJeFkU54pTyqfh8IE0KEgVjoAw0t3KxQgMCHIRll0IweLLb8nZXiPYb/i/f1abv+ZxrLBvbJvVWMAOWJOdsBZrM8Gu2S27Z3+8G+/O++s9vLSWvPnMV/YK3uM/38eatA==</latexit>

y0(t) = (�x� �) y

<latexit sha1_base64="xPX7/TyI/2HqOHjBh3u11oZlivo=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwiruiaCMEbSwjmAdkw3J3MrsZMjO7zMyKIeQLbPwVGwtFbK3t/Bsnj0ITD1w4nHMv994Tppxp47rfTm5peWV1Lb9e2Njc2t4p7u41dJIpQusk4YlqhaApZ5LWDTOctlJFQYScNsP+9dhv3lOlWSLvzCClHQGxZBEjYKwUFMt+SA3gB3yJ/RiEAIx9FkUTwTv2NYsFBG5QLLkVdwK8SLwZKaEZakHxy+8mJBNUGsJB67bnpqYzBGUY4XRU8DNNUyB9iGnbUgmC6s5w8s4Il63SxVGibEmDJ+rviSEIrQcitJ0CTE/Pe2PxP6+dmeiiM2QyzQyVZLooyjg2CR5ng7tMUWL4wBIgitlbMemBAmJsggUbgjf/8iJpnFS8s4p7e1qqXs3iyKMDdIiOkIfOURXdoBqqI4Ie0TN6RW/Ok/PivDsf09acM5vZR3/gfP4Aao2Zzw==</latexit>

�x = � () x = 1/�0

x

y

“Herd immunity”

<latexit sha1_base64="7VHiot4w+WJIR04Fyu/mshYID0A=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexqfFyEoBePEcwDskuYncwmQ2Zml5lZISz5DS8eFPHqz3jzb5wke9DEgoaiqpvurjDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OLqb+u0nqjSL5aMZJzQQeCBZxAg2VvJ9zQYC91x0g8575YpbdWdAy8TLSQVyNHrlL78fk1RQaQjHWnc9NzFBhpVhhNNJyU81TTAZ4QHtWiqxoDrIZjdP0IlV+iiKlS1p0Ez9PZFhofVYhLZTYDPUi95U/M/rpia6DjImk9RQSeaLopQjE6NpAKjPFCWGjy3BRDF7KyJDrDAxNqaSDcFbfHmZtM6q3mX14qFWqd/mcRThCI7hFDy4gjrcQwOaQCCBZ3iFNyd1Xpx352PeWnDymUP4A+fzB3MdkKg=</latexit>

�0 = 3

“Epidemiological 
overshoot”



y

x

<latexit sha1_base64="KTTzcvjgfGpb9L1cNJYCpk5dGEk=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbB07IrVr0IRS8eK9gPaNeSTbNtaJJdkqxSlv4PLx4U8ep/8ea/MW33oNUHA4/3ZpiZFyacaeN5X05haXllda24XtrY3NreKe/uNXWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VAlWaxvDPjhAYCDySLGMHGSvddzQYC9zx0iXy32itXPNebAf0lfk4qkKPeK392+zFJBZWGcKx1x/cSE2RYGUY4nZS6qaYJJiM8oB1LJRZUB9ns6gk6skofRbGyJQ2aqT8nMiy0HovQdgpshnrRm4r/eZ3URBdBxmSSGirJfFGUcmRiNI0A9ZmixPCxJZgoZm9FZIgVJsYGVbIh+Isv/yXNE9c/c6u3p5XaVR5HEQ7gEI7Bh3OowQ3UoQEEFDzBC7w6j86z8+a8z1sLTj6zD7/gfHwDV6iRHQ==</latexit>

�0 = 1.5

x

y

<latexit sha1_base64="7VHiot4w+WJIR04Fyu/mshYID0A=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexqfFyEoBePEcwDskuYncwmQ2Zml5lZISz5DS8eFPHqz3jzb5wke9DEgoaiqpvurjDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OLqb+u0nqjSL5aMZJzQQeCBZxAg2VvJ9zQYC91x0g8575YpbdWdAy8TLSQVyNHrlL78fk1RQaQjHWnc9NzFBhpVhhNNJyU81TTAZ4QHtWiqxoDrIZjdP0IlV+iiKlS1p0Ez9PZFhofVYhLZTYDPUi95U/M/rpia6DjImk9RQSeaLopQjE6NpAKjPFCWGjy3BRDF7KyJDrDAxNqaSDcFbfHmZtM6q3mX14qFWqd/mcRThCI7hFDy4gjrcQwOaQCCBZ3iFNyd1Xpx352PeWnDymUP4A+fzB3MdkKg=</latexit>

�0 = 3

y



Natural course of an epidemic

R0 = 3

<latexit sha1_base64="JZ2Z9TLYyLjykPsmPNLnATbDE6I=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqRC9C0IvHKOYByRJmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfy0Yxj9EM6kLzPGTVWaj50XXJNzrvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezcyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf0rP+UyTgxKNl/UTwQxEZn+TnpcITNibAllittbCRtSRZmxCRVsCN7iy8ukcVb2KuWL+0qpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/ddmOWQ==</latexit>

Herd immunity reached



The SIR model with contact control (SIRq)

SIR: With social distancing (SIRq):

Time-dependent contact rate

<latexit sha1_base64="J6jeGExVvMdgIhbcM3HmopYiWNU=">AAACOHicbVBLSwMxGMzWV11fqx69BItaDy27ouhFKHrxZgX7gG4p2TS7DU12lyQrXUp/lhd/hjfx4kERr/4C04eirQMhw8x8JN94MaNS2faTkZmbX1hcyi6bK6tr6xvW5lZVRonApIIjFom6hyRhNCQVRRUj9VgQxD1Gal73cujX7oiQNApvVRqTJkdBSH2KkdJSy7qGGr2DvDqE+/AcFtwAcY6gK2mgrxT2IHRdcxhKf0KzmcK3lrasnF20R4CzxJmQHJig3LIe3XaEE05ChRmSsuHYsWr2kVAUMzIw3USSGOEuCkhD0xBxIpv90eIDuKeVNvQjoU+o4Ej9PdFHXMqUezrJkerIaW8o/uc1EuWfNfs0jBNFQjx+yE8YVBEctgjbVBCsWKoJwoLqv0LcQQJhpbs2dQnO9MqzpHpUdE6K9s1xrnQxqSMLdsAuyAMHnIISuAJlUAEY3INn8ArejAfjxXg3PsbRjDGZ2QZ/YHx+AbNvpeI=</latexit>

x0(t) = ���yx

y0(t) = ��yx� �y

<latexit sha1_base64="BD4E3JflqTgMbp+uakKWuPfuZOg=">AAACQXicbVC7SwMxHM7VV62vqqNLsKh1aLkTRReh6OJYwT6gV8rv0rQNJndHkhOP0n/Nxf/Azd3FQRFXF3NtFW37QeDje5Dk80LOlLbtZys1N7+wuJRezqysrq1vZDe3qiqIJKEVEvBA1j1QlDOfVjTTnNZDSUF4nNa828vEr91RqVjg3+g4pE0BXZ91GAFtpFa2jg3uD/L6EO/jc1xwuyAEYFexroBEjfE9dt1MEot/YzNThR85TgqtbM4u2kPgaeKMSQ6NUW5ln9x2QCJBfU04KNVw7FA3+yA1I5wOMm6kaAjkFrq0YagPgqpmf7jAAO8ZpY07gTTH13io/m30QSgVC88kBeiemvQScZbXiHTnrNlnfhhp6pPRRZ2IYx3gZE7cZpISzWNDgEhm3opJDyQQbUZPRnAmvzxNqkdF56RoXx/nShfjOdJoB+2iPHLQKSqhK1RGFUTQA3pBb+jderRerQ/rcxRNWePONvoH6+sbVAioiA==</latexit>

x0(t) = ���(t)yx

y0(t) = ��(t)yx� �y

<latexit sha1_base64="VjdCIG3v1SNoz8LtN49wqDby/KE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXFMVT0IvHCOaByRJmJ5NkyMzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcaCG/S8bye3srq2vpHfLGxt7+zuFfcPGiZKNGV1GolIt0JimOCK1ZGjYK1YMyJDwZrh6HbqN5+YNjxSDziOWSDJQPE+pwSt9NgxfCBJGU+vu8WSV/FmcJeJn5ESZKh1i1+dXkQTyRRSQYxp+16MQUo0cirYpNBJDIsJHZEBa1uqiGQmSGcXT9wTq/TcfqRtKXRn6u+JlEhjxjK0nZLg0Cx6U/E/r51g/ypIuYoTZIrOF/UT4WLkTt93e1wzimJsCaGa21tdOiSaULQhFWwI/uLLy6RxVvEvKt79eal6k8WRhyM4hjL4cAlVuIMa1IGCgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QO/TJBO</latexit>

�(t) :

<latexit sha1_base64="t77weq3Zt5hbiU3DgJqwPn8O8bg=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbkpGFF0W3bisYB/QGYZMmrahSWZIMkIZunHjr7hxoYhb/8Gdf2PazqK2Hrhwcs695N4TJZxpg9CPU1hZXVvfKG6WtrZ3dvfc/YOmjlNFaIPEPFbtCGvKmaQNwwyn7URRLCJOW9HwduK3HqnSLJYPZpTQQOC+ZD1GsLFS6B4j6HMKfc36AlfM2dwrRKFbRlU0BVwmXk7KIEc9dL/9bkxSQaUhHGvd8VBiggwrwwin45KfappgMsR92rFUYkF1kE2vGMNTq3RhL1a2pIFTdX4iw0LrkYhsp8BmoBe9ifif10lN7zrImExSQyWZfdRLOTQxnEQCu0xRYvjIEkwUs7tCMsAKE2ODK9kQvMWTl0nzvOpdVtH9Rbl2k8dRBEfgBFSAB65ADdyBOmgAAp7AC3gD786z8+p8OJ+z1oKTzxyCP3C+fgEEHJb/</latexit>

0  �(t)  �0



Assumptions

• Epidemic proceeds according to SIRq model


• No vaccination


• Intervention can be imposed only up to a finite time T, 
after which

<latexit sha1_base64="FpFBEsWePH0DZYkA5jpSxCrAbGE=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUDclEUU3QtGNywr2Am0Ik+mkHTqThJkToYbiq7hxoYhb38Odb+O0zUJbfxj4+M85nDN/kAiuwXG+rcLS8srqWnG9tLG5tb1j7+41dZwqyho0FrFqB0QzwSPWAA6CtRPFiAwEawXDm0m99cCU5nF0D6OEeZL0Ix5ySsBYvn3Q1bwvSQVO8BWese/4dtmpOlPhRXBzKKNcdd/+6vZimkoWARVE647rJOBlRAGngo1L3VSzhNAh6bOOwYhIpr1sev0YHxunh8NYmRcBnrq/JzIitR7JwHRKAgM9X5uY/9U6KYSXXsajJAUW0dmiMBUYYjyJAve4YhTEyAChiptbMR0QRSiYwEomBHf+y4vQPK2651Xn7qxcu87jKKJDdIQqyEUXqIZuUR01EEWP6Bm9ojfryXqx3q2PWWvBymf20R9Znz/FF5Qi</latexit>

�(t) = �0



<latexit sha1_base64="MkkGXJyG2xFvR8N36WS4eXp2QKE=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIdWGZEUVBhKIblxXsBTplyKSZNjSTGZIz0jr0Ydz4Km5ceMGFG5/F9LLQ1gOBn/87h5Pz+7HgGmz7y8osLC4tr2RXc2vrG5tb+e2dmo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/dz3i9XumNI/kHQxi1gpJR/KAUwLG8vIXfc/lMoABvsSu4KGXggvRxBrifhEODXCO5tCDIV6+YJfsceF54UxFAU2r4uXf3XZEk5BJoIJo3XTsGFopUcCpYMOcm2gWE9ojHdY0UpKQ6VY6PnKID4zTxkGkzJOAx+7viZSEWg9C33SGBLp6lo3M/1gzgeC8lXIZJ8AknSwKEoEhwqPEcJsrRkEMjCBUcfNXTLtEEQom15wJwZk9eV7UjkvOacm+PSmUr6ZxZNEe2kdF5KAzVEY3qIKqiKJH9Ixe0Zv1ZL1YH9bnpDVjTWd20Z+yvn8AakGkqg==</latexit>

x1 = lim
t!1

x(t) = 1� lim
t!1

z(t)

Penalty for infections Penalty for control

Goal: minimize eventual total infections, or 
equivalently maximize 

Objective function:
<latexit sha1_base64="MtkxT89Tt0t5M/zaMxcioGjH8Ew="></latexit>

J = � lim
t!1

x(t) +

Z T

0
L(�(t))dt



Effect of constant

contact reduction

No intervention

20% intervention

40% intervention

70% intervention

T = 150

For each scenario, σ(t) is held at a constant value up to t=T.

Total # infected is about the same in all cases.



SIRq:
<latexit sha1_base64="BD4E3JflqTgMbp+uakKWuPfuZOg=">AAACQXicbVC7SwMxHM7VV62vqqNLsKh1aLkTRReh6OJYwT6gV8rv0rQNJndHkhOP0n/Nxf/Azd3FQRFXF3NtFW37QeDje5Dk80LOlLbtZys1N7+wuJRezqysrq1vZDe3qiqIJKEVEvBA1j1QlDOfVjTTnNZDSUF4nNa828vEr91RqVjg3+g4pE0BXZ91GAFtpFa2jg3uD/L6EO/jc1xwuyAEYFexroBEjfE9dt1MEot/YzNThR85TgqtbM4u2kPgaeKMSQ6NUW5ln9x2QCJBfU04KNVw7FA3+yA1I5wOMm6kaAjkFrq0YagPgqpmf7jAAO8ZpY07gTTH13io/m30QSgVC88kBeiemvQScZbXiHTnrNlnfhhp6pPRRZ2IYx3gZE7cZpISzWNDgEhm3opJDyQQbUZPRnAmvzxNqkdF56RoXx/nShfjOdJoB+2iPHLQKSqhK1RGFUTQA3pBb+jderRerQ/rcxRNWePONvoH6+sbVAioiA==</latexit>

x0(t) = ���(t)yx

y0(t) = ��(t)yx� �y

<latexit sha1_base64="MtkxT89Tt0t5M/zaMxcioGjH8Ew="></latexit>

J = � lim
t!1

x(t) +

Z T

0
L(�(t))dt



<latexit sha1_base64="/agjGj2Jt4+7juDsQDRUQDFTmJs=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU92Vil6EohePFewHtGvJptk2NMkuSVYtS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtcTv/lAlWaRvDOjmPoC9yULGcHGSvdP6BJ5Jx3N+gJ33W6x5JbdKdAi8TJSggy1bvGr04tIIqg0hGOt254bGz/FyjDC6bjQSTSNMRniPm1bKrGg2k+nV4/RkVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrzwUybjxFBJZovChCMToUkEqMcUJYaPLMFEMXsrIgOsMDE2qIINwZt/eZE0TsveWdm9rZSqV1kceTiAQzgGD86hCjdQgzoQUPAMr/DmPDovzrvzMWvNOdnMPvyB8/kDtwaRWw==</latexit>

x = 1/�0

We know 
<latexit sha1_base64="5h1n8frzMRYz9ypXgr+XsN/e8lc=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeaiKLHohePFewHNCFstpN26WYTdjdiCb34V7x4UMSrP8Ob/8Ztm4O2Phh4vDfDzLww5Uxpx/m2SkvLK6tr5fXKxubW9o69u9dSSSYpNGnCE9kJiQLOBDQ10xw6qQQShxza4fBm4rcfQCqWiHs9SsGPSV+wiFGijRTYB4+Bx0SkR9jjgN1TT7F+TAInsKtOzZkCLxK3IFVUoBHYX14voVkMQlNOlOq6Tqr9nEjNKIdxxcsUpIQOSR+6hgoSg/Lz6QNjfGyUHo4SaUpoPFV/T+QkVmoUh6YzJnqg5r2J+J/XzXR05edMpJkGQWeLooxjneBJGrjHJFDNR4YQKpm5FdMBkYRqk1nFhODOv7xIWmc196Lm3J1X69dFHGV0iI7QCXLRJaqjW9RATUTRGD2jV/RmPVkv1rv1MWstWcXMPvoD6/MHj8CVuw==</latexit>

x1  1/�0

The neutrally stable

equilibrium can only be reached


after an infinite time interval



Controls that reach the 
neutrally-stable equilibrium

• Infinitely many such controls 
exist


• Green line: no control until 
herd immunity is reached, 
then maximum control


• Orange line: constant control
<latexit sha1_base64="XFUbc43YxkGKteumPwsKMK3dhAM=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIVWzJiKIboejGZQV7gU4ZMmmmDU1mhiQjlqGv48ZXcaOgqFtfxLSdilZ/OPDxn3NIzu9FnCmN0LuVmZtfWFzKLudWVtfWN/KbW3UVxpLQGgl5KJseVpSzgNY005w2I0mx8DhteP3LUb9xS6ViYXCjBxFtC9wNmM8I1sZy85WGi4olR8TFOxcdDkw5inUFdg/2vwGew5LjS0ySqTWcEhq6+QIqo7HgX7BTKIBUVTf/7HRCEgsaaMKxUi0bRbqdYKkZ4XSYc2JFI0z6uEtbBgMsqGon40uHcM84HeiH0lSg4dj9uZFgodRAeGZSYN1Ts72R+V+vFWv/rJ2wIIo1DcjkIT/mUIdwFBvsMEmJ5gMDmEhm/gpJD5tMtAk3Z0KwZ0/+C/Wjsn1SRtfHhcpFGkcW7IBdUAQ2OAUVcAWqoAYIuAeP4AW8Wg/Wk/VmfUxGM1a6sw1+yfr8AmenpPk=</latexit>

W0(�µ(x0, y0,�⇤)�⇤) = ��⇤
�0



Zero-cost finite-time control
What is the optimal control if there is no cost for reducing contact?

Major difficulty with this problem: objective depends on state as <latexit sha1_base64="mGqiwhpxP0hFO1yf8aXChN3pptA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7EyGU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wDzlQUwHSkSCUbSSj8THhPhCRZj3qjW37s5AlolXkBoUaPaqX34/YVnMFTJJjel6borBmGoUTPJJxc8MTykb0QHvWqpozE0wnt08ISdW6ZMo0bYUkpn6e2JMY2PyOLSdMcWhWfSm4n9eN8PoOhgLlWbIFZsvijJJ7J/TAEhfaM5Q5pZQpoW9lbAh1ZShjaliQ/AWX14mj2d177J+cX9ea9wUcZThCI7hFDy4ggbcQRNawCCFZ3iFNydzXpx352PeWnKKmUP4A+fzB6iKkXU=</latexit>

t ! 1

<latexit sha1_base64="5Xr+umeWLgJ5/9o1apfuZBeWvGw=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQC8Ou+GqEoI1YRTAPyIYwO5lNhszOLjN3xbCksPFXbCwUsfUj7PwbJ49CEw9cOJxzL/fe48eCa3CcbyuzsLi0vJJdza2tb2xu2ds7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wep+/2rk1++Z0jySdzCIWSskXckDTgkYqW3nb/AFPvQED9speBB5XAYwGOKHIhy07YJTcsbA88SdkgKaotK2v7xORJOQSaCCaN10nRhaKVHAqWDDnJdoFhPaJ13WNFSSkOlWOn5iiPeN0sFBpExJwGP190RKQq0HoW86QwI9PeuNxP+8ZgLBeSvlMk6ASTpZFCQCQ4RHieAOV4yCGBhCqOLmVkx7RBEKJrecCcGdfXme1I5K7mnp5Pa4UL6cxpFFebSHishFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0lrxprO7KI/sD5/AEm+l0I=</latexit>

J = � lim
t!1

x(t)



Finite-time reformulation
• Uncontrolled trajectories 

are level sets of


• Final state can be 
computed from state at 
time T:



Finite-time reformulation

SIRq.



Impact of control

<latexit sha1_base64="jpnlLRxFUT7Yu8+we1sXr3AAKrE=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4KrMiLeFi6IblxXsBdphyKSZNjTJDElGKbWP4saFIm59Ene+jWk7C63+EPj4zzmckz9KOdPG876cwtLyyupacb20sbm1veOWd5s6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRcPrab11T5Vmibwzo5QGAvclixnBxlqhW+5q1hcYXaI5hF7oVryqNxP6C34OFchVD93Pbi8hmaDSEI617vheaoIxVoYRTielbqZpiskQ92nHosSC6mA8O32CDq3TQ3Gi7JMGzdyfE2MstB6JyHYKbAZ6sTY1/6t1MhNfBGMm08xQSeaL4owjk6BpDqjHFCWGjyxgopi9FZEBVpgYm1bJhuAvfvkvNI+r/ln19PakUrvK4yjCPhzAEfhwDjW4gTo0gMADPMELvDqPzrPz5rzPWwtOPrMHv+R8fAMa5JNE</latexit>

� < �0Always positive if 



Pontryagin’s Maximum Principle

• The PMP states that the optimal solution maximizes the 
Hamiltonian:

<latexit sha1_base64="adCs87xbcpkgXbaiyBXnJUTD1CQ="></latexit>

H(x(t), y(t),�(t),�1,2(t), t) = ��1(t)��(t)y(t)x(t) + �2(t)�y(t)(�(t)x(t)� 1) + L(x(t), y(t),�(t))

The new variables satisfy a system of ODEs with conditions at the final time T.

Thus the PMP leads to a two-point boundary value problem.

<latexit sha1_base64="1MaQIX3EYWcvPTyYBEqwWcPRBcY="></latexit>

@L

@�

����
�(t)=�̂(t)

= �(�2(t)� �1(t))�yx

The optimal control is given implicitly by

t=0 t=T

<latexit sha1_base64="RbNi1LsQm2z6T0yRXj6n52jSe8k=">AAAB8XicbVDLSgMxFL3xWeur6tJNsAgVpMyIosuiG5cV7APboWTSTBuayQxJRhyG/oUbF4q49W/c+Tem7Sy09UDC4Zx7ufcePxZcG8f5RkvLK6tr64WN4ubW9s5uaW+/qaNEUdagkYhU2yeaCS5Zw3AjWDtWjIS+YC1/dDPxW49MaR7Je5PGzAvJQPKAU2Ks9PBUcU5OcWr/XqnsVJ0p8CJxc1KGHPVe6avbj2gSMmmoIFp3XCc2XkaU4VSwcbGbaBYTOiID1rFUkpBpL5tuPMbHVunjIFL2SYOn6u+OjIRap6FvK0Nihnrem4j/eZ3EBFdexmWcGCbpbFCQCGwiPDkf97li1IjUEkIVt7tiOiSKUGNDKtoQ3PmTF0nzrOpeVJ2783LtOo+jAIdwBBVw4RJqcAt1aAAFCc/wCm9Ioxf0jj5mpUso7zmAP0CfP/C0jyE=</latexit>

x(0), y(0)
<latexit sha1_base64="sGb4qslPZIi+S6LzTDoE6/NiaPI=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSxCBSlJUXRZdOOyQl/QhjCZTNqhkwczE6GEght/xY0LRdz6E+78G6dtBK0eGDj3nHu5c4+XcCaVZX0ahaXlldW14nppY3Nre8fc3WvLOBWEtkjMY9H1sKScRbSlmOK0mwiKQ4/Tjje6nvqdOyoki6OmGifUCfEgYgEjWGnJNQ/6XDf72LUrzZNT9F3VdOWaZatqzYD+EjsnZcjRcM2Pvh+TNKSRIhxL2bOtRDkZFooRTielfippgskID2hP0wiHVDrZ7IYJOtaKj4JY6BcpNFN/TmQ4lHIcerozxGooF72p+J/XS1Vw6WQsSlJFIzJfFKQcqRhNA0E+E5QoPtYEE8H0XxEZYoGJ0rGVdAj24sl/SbtWtc+r1u1ZuX6Vx1GEQziCCthwAXW4gQa0gMA9PMIzvBgPxpPxarzNWwtGPrMPv2C8fwEexZXk</latexit>

�1(T ),�2(T )



<latexit sha1_base64="1MaQIX3EYWcvPTyYBEqwWcPRBcY="></latexit>

@L

@�

����
�(t)=�̂(t)

= �(�2(t)� �1(t))�yx

The optimal control is given implicitly by

Because the RHS is independent of σ, 

the optimal control will always be the upper or lower bound.

But also subject to the bounds:

This is known as a bang-bang control.



Bang-bang SIR controls

• Alternate between following flow 
lines (control off) and moving straight 
downward (control on)


• The best control is the one that 
reaches a given point in the shortest 
time


• It can be shown that the green path 
is fastest


• This further implies that there is only 
one switching time

<latexit sha1_base64="jpeoTU7cXBzNirpNrDBqeQLOp0U=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4taF5ZEfG2EohuXFewDmlAm02k7dCYJMxMxhO7d+CtuXCji1h9w5984bYNo64ELZ865l7n3+BGjUtn2l5Gbm19YXMovmyura+sb1uZWXYaxwKSGQxaKpo8kYTQgNUUVI81IEMR9Rhr+4GrkN+6IkDQMblUSEY+jXkC7FCOlpbZVuN8vqQO4By+gDV3XTH6eh24PcY5g0raKdtkeA84SJyNFkKHatj7dTohjTgKFGZKy5diR8lIkFMWMDE03liRCeIB6pKVpgDiRXjq+ZQh3tdKB3VDoChQcq78nUsSlTLivOzlSfTntjcT/vFasuudeSoMoViTAk4+6MYMqhKNgYIcKghVLNEFYUL0rxH0kEFY6PlOH4EyfPEvqR2XntHxyc1ysXGZx5MEOKIAScMAZqIBrUAU1gMEDeAIv4NV4NJ6NN+N90pozsplt8AfGxzff+JaP</latexit>

x0(t) = 0

y0(t) = ��y

<latexit sha1_base64="ntwHaycgXh5WsLk47zdMHlE0R34=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyKp7Arvi5C0IvHCOYB2RBmJ73JkJnZZWZWCEvAX/HiQRGvfoc3/8ZJsgdNLGgoqrrp7goTzrTxvG9nYXFpeWW1sFZc39jc2nZ3dus6ThWFGo15rJoh0cCZhJphhkMzUUBEyKERDm7HfuMRlGaxfDDDBNqC9CSLGCXGSh13P9CsJwg+xtfYwwETdinojlvyyt4EeJ74OSmhHNWO+xV0Y5oKkIZyonXL9xLTzogyjHIYFYNUQ0LogPSgZakkAnQ7m5w/wkdW6eIoVrakwRP190RGhNZDEdpOQUxfz3pj8T+vlZroqp0xmaQGJJ0uilKOTYzHWeAuU0ANH1pCqGL2Vkz7RBFqbGJFG4I/+/I8qZ+W/Yvy+f1ZqXKTx1FAB+gQnSAfXaIKukNVVEMUZegZvaI358l5cd6dj2nrgpPP7KE/cD5/ACNmlFY=</latexit>

� = 0 =)



Optimal zero-cost control

The proof is based on analysis specific to SIRq, since it doesn’t satisfy

the conditions usually required for uniqueness. 



Optimal zero-cost control	

If you have enough time: wait for herd immunity, then impose full lockdown.



Optimal zero-cost control	

If you don’t have enough time: impose full lockdown starting at the optimal moment.



What if we can’t impose full lockdown?



Hamilton-Jacobi-Bellman 
formulation

• PDE with final condition 


• x, y become 
independent variables


• u(x,y,t) is the optimal cost 
function



Hamilton-Jacobi-Bellman 
formulation

• 2D advection equation


• At t=T, , so 
.


• Values are advected 
along vertical lines 
( ) or SIR 
trajectories ( ).

<latexit sha1_base64="mrje0SBCm8See0264zneU5UT0m0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidpKgF48RzCLJMPR0epIm3TNDL+Iw5Cu8eFDEq5/jzb+xsxw08UHB470qquqFKWdKu+63U1haXlldK66XNja3tnfKu3tNlRhJaIMkPJHtECvKWUwbmmlO26mkWISctsLhzdhvPVKpWBLf6yylvsD9mEWMYG2lBxNk6AqZ4CkoV9yqOwFaJN6MVGCGelD+6vYSYgSNNeFYqY7nptrPsdSMcDoqdY2iKSZD3KcdS2MsqPLzycEjdGSVHooSaSvWaKL+nsixUCoToe0UWA/UvDcW//M6RkeXfs7i1Ggak+miyHCkEzT+HvWYpETzzBJMJLO3IjLAEhNtMyrZELz5lxdJ86TqnVfP7k4rtetZHEU4gEM4Bg8uoAa3UIcGEBDwDK/w5kjnxXl3PqatBWc2sw9/4Hz+ABZ/j/U=</latexit>

uy > ux
<latexit sha1_base64="LxTgVCvZobIbbnSk3Q2Sit2A4oc=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr4sQ9OIxQl6wWcLsZDYZMrOzzMwKYclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hQln2rjut7Oyura+sVnYKm7v7O7tlw4OW1qmitAmkVyqTog15SymTcMMp51EUSxCTtvh6H7qt5+o0kzGDTNOaCDwIGYRI9hYye9qNhC40ji7dXulslt1Z0DLxMtJGXLUe6Wvbl+SVNDYEI619j03MUGGlWGE00mxm2qaYDLCA+pbGmNBdZDNTp6gU6v0USSVrdigmfp7IsNC67EIbafAZqgXvan4n+enJroJMhYnqaExmS+KUo6MRNP/UZ8pSgwfW4KJYvZWRIZYYWJsSkUbgrf48jJpnVe9q+rl40W5dpfHUYBjOIEKeHANNXiAOjSBgIRneIU3xzgvzrvzMW9dcfKZI/gD5/MHBhqQcQ==</latexit>

�(T ) = 0

<latexit sha1_base64="LxTgVCvZobIbbnSk3Q2Sit2A4oc=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr4sQ9OIxQl6wWcLsZDYZMrOzzMwKYclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hQln2rjut7Oyura+sVnYKm7v7O7tlw4OW1qmitAmkVyqTog15SymTcMMp51EUSxCTtvh6H7qt5+o0kzGDTNOaCDwIGYRI9hYye9qNhC40ji7dXulslt1Z0DLxMtJGXLUe6Wvbl+SVNDYEI619j03MUGGlWGE00mxm2qaYDLCA+pbGmNBdZDNTp6gU6v0USSVrdigmfp7IsNC67EIbafAZqgXvan4n+enJroJMhYnqaExmS+KUo6MRNP/UZ8pSgwfW4KJYvZWRIZYYWJsSkUbgrf48jJpnVe9q+rl40W5dpfHUYBjOIEKeHANNXiAOjSBgIRneIU3xzgvzrvzMW9dcfKZI/gD5/MHBhqQcQ==</latexit>

�(T ) = 0
<latexit sha1_base64="LxTgVCvZobIbbnSk3Q2Sit2A4oc=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr4sQ9OIxQl6wWcLsZDYZMrOzzMwKYclnePGgiFe/xpt/4yTZgyYWNBRV3XR3hQln2rjut7Oyura+sVnYKm7v7O7tlw4OW1qmitAmkVyqTog15SymTcMMp51EUSxCTtvh6H7qt5+o0kzGDTNOaCDwIGYRI9hYye9qNhC40ji7dXulslt1Z0DLxMtJGXLUe6Wvbl+SVNDYEI619j03MUGGlWGE00mxm2qaYDLCA+pbGmNBdZDNTp6gU6v0USSVrdigmfp7IsNC67EIbafAZqgXvan4n+enJroJMhYnqaExmS+KUo6MRNP/UZ8pSgwfW4KJYvZWRIZYYWJsSkUbgrf48jJpnVe9q+rl40W5dpfHUYBjOIEKeHANNXiAOjSBgIRneIU3xzgvzrvzMW9dcfKZI/gD5/MHBhqQcQ==</latexit>

�(T ) = 0



Optimal control with

non-zero cost



• The (weak) PMP gives necessary but not sufficient conditions for optimality


• In the zero-cost case, we could use geometric arguments to show sufficiency


• In general, we will need a more powerful tool.  Our options:


• Stronger versions of the PMP.  Required conditions are not satisfied by 
SIRq.


• Solve the Hamilton-Jacobi-Bellman PDE.

<latexit sha1_base64="8jtLwJlAXlkOvRpeGFoIWvQqtB8=">AAACHXicbZC7SgNBFIZnvcZ4W7W0GQxCUhh2Q0QbIWhjYRHBXCAbl9nJbDJk9sLMWSEseREbX8XGQhELG/FtnCRbaOIPAx//OYcz5/diwRVY1rextLyyurae28hvbm3v7Jp7+00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOHVpN56YFLxKLyDUcy6AemH3OeUgLZcs3qDLzB1K9gRzIeifeL4ktDUUbwfkCKUxhm61tiRvD+A0n0l75oFq2xNhRfBzqCAMtVd89PpRTQJWAhUEKU6thVDNyUSOBVsnHcSxWJCh6TPOhpDEjDVTafXjfGxdnrYj6R+IeCp+3siJYFSo8DTnQGBgZqvTcz/ap0E/PNuysM4ARbS2SI/ERgiPIkK97hkFMRIA6GS679iOiA6HtCBTkKw509ehGalbJ+WrdtqoXaZxZFDh+gIFZGNzlANXaM6aiCKHtEzekVvxpPxYrwbH7PWJSObOUB/ZHz9AKp5oHQ=</latexit>

L = c2

✓
1� �(t)

�0

◆2



Hamilton-Jacobi-Bellman
<latexit sha1_base64="me2pSGIwXdn/P8uIuYWUqRrXwXw="></latexit>

ut � �yuy = � min
0��0

 
(uy � ux)�xy�(t) + c2

✓
1� �(t)

�0

◆2
!

u(x, y, T ) = �x1(x, y,�0)

u is the value of the objective function.  The minimum is achieved with

<latexit sha1_base64="QrqBsLEoQ6m321R4pdnF+NctPoI="></latexit>

�(t) = �0 min

✓
1,max

✓
0,

✓
1� �0�

2c2
xy(uy � ux)

◆◆◆

We solve the PDE backward from the final time.


Inserting the PDE solution in the formula above yields the optimal control.


Then, solving the ODE with this control yields the dynamics.



Hamilton-Jacobi-Bellman

• The domain of this PDE is 
the same space where 
solutions of the ODE 
system live.


• Information should flow 
only backward along the 
streamlines, so we need to 
use an “upwind” numerical 
method.



T=100

Solid lines: Infected fraction


Dashed lines: Control 
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Avoiding hospital overflow

• A full model requires us to quantify:


• The cost of intervention


• The value of a life


• The increased likelihood of death when hospital beds run out

<latexit sha1_base64="CFFMP7/1w3Ew+Aa/TtqgjIc6v2o="></latexit>

L(x(t), y(t),�(t)) = c2

✓
1� �(t)

�0

◆2

+ c3g(y(t)� yK�t).

Hospital

capacity

Penalty for

hospital overflow

Economic

cost of intervention



Avoiding hospital overflow
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Avoiding hospital overflow
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• Hospital capacity is 
exceeded


• Total infections 
significantly reduced



Covid-19 scenario A

• Control focuses mainly on managing hospital occupancy


• Control lifted after 200 days


• Very little epidemiological overshoot



Covid-19 scenario B

• Higher penalty for infections and lower cost of intervention


• Strong control at late time gives near-eradication


• Virtually no epidemiological overshoot



Covid-19 scenario C

• Much higher cost of control


• Hospital capacity greatly exceeded


• Substantial epidemiological overshoot



Numerical solution
• BVP via Pontryagin


• No-cost problem is extremely challenging; c2 is a regularizing parameter


• Use parameter continuation in c2


• Hyperbolic PDE via HJB


• Much more expensive in principle (PDE in 2D+time)


• Discontinuous velocity field is difficult to capture accurately


• Boundary conditions at “downwind” boundaries are problematic


• Small errors in the solution can lead to substantial errors in the control



Conclusions 

and further directions

• All of this is based on an extremely simple model. Nevertheless, it may 
reveal useful conceptual or qualitative relations.


• Counterintuitively, waiting to intervene can be beneficial even if one 
ignores the cost of intervention.


• Extensions:


• More complex compartmental models


• Multiple demographic groups


• Vaccines available in limited supply


• etc.


