Numerical Solution of Singular
ODEs&DAEs

Ewa B. Weinmliller

TU Wien — Vienna University of Technology, Vienna, Austria

SC&S, 22 May - 26 May 2023, Gozo, Malta

ODEs with
Singularities

Analytical Results

MATLAB Code
bvpsuite

1/21



Outline

Introduction

Contents

Motivation

Analytical Results

Linear Case, Constant M
Collocation

MATLAB Code bvpsuite
Pathfollowing Modul

An Application

ODEs with
Singularities

Introduction
Contents
Motivation
Analytical Results

Linear Case,
Constant M

Collocation

MATLAB Code
bvpsuite

Pathfollowing
Modul

An Application

2/21



Problem setting: singular BVPs in ODEs Sngutaries

2(t) = F(t. 2(1) = 1G(t. 2(1), te (0.1
BaZ(O) + BbZ(1) = ﬁ Analytical Results

F(t, z(t)) unbounded for t — 0 and not Lipschitz
continuous on [0, 1]' MATLAB Code

bvpsuite
Typically, limtéow = oo!

Interested in z € C[0, 1], even z € CP[0,1], p > 1

Important contributions:

Jamet, Brabston, Keller, Wolfe, Parter, Stein, Shampine, Russell, de
Hoog, Weiss, Markowich, Ringhofer, Ascher, Schmeiser, Troger,
Abramov, Koniuchova, Méarz, Winkler, Auzinger, Koch, Cash, Muir, Budd,
Stanek, Rachunkova, Amodio, Burkotova, Settanni, Levitina...
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ODEs with

Available results Singularities
Typical models for the analysis: Introduction
Linear case:

2(0) = 020+ 10, 20 = 2010
Nonlinear case:
M M MATLAB Code
bvpsuite
2(t) = = 2(0) + f(t.2(1), 2(1) = Z2(0) + (8, 2(1))

Time singularities

of the first kind o« = 1, of the second kind o > 1
Problems posed on semi-infinite intervals

Z'(t) = f(t, z(t)), te 0,00

Space singularities

Z(t) = gy t€labl g(z(k) = 0.t € [ab]

4/21



ODEs with
Contents Singularities

More general class of problems with a singularity of

i i Contents
the first kind:
f(t Z( [’)) Analytical Results
/ )
Z(t) = ==, te(0,1]
(Vainikko 2013, 2013, Auzinger, Auer, Burkotovd, Rachlinkova, Stanék, EW, Wurm 2014, 2017,
2017, 2018, 2021) Analysis for the general linear and nonlinear case QAATLAE; Code
vpsuite
M(t f(t M(t f(t, z(t
Z’(f): ¥Z(t)+¥, Z’(Z): %z(t)_i_@’ t€(0,1]

Existence and uniqueness of continuous solutions z € C[0, 1] and
convergence of the polynomial collocation

Today:
(1) Overview of the existence/uniqueness theory for the analytical
problem and convergence of collocation, both in context of IVPs

(2) MATLAB code bvpsuite 2. 0: pathfollowing module
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Crystallization in thin amorphous layers

(Buchner, Schneider 2010) Calculation of the crystallization front propagating through
a thin layer of amorphous material on a substrate

The original problem is posed on a semi-infinite interval, we transform
7 €[0,00) — t € (0,1] by
1

Vi

The resulting boundary value problem for the temperature distribution ©(¢) and

the degree of crystallization £(t), t € [0, 1), reads:

n L o) =&)L S A2G(O(1)g(E(1))

©(0)=0,1284, ©(1)=1, ¢£0)=10""°

e Essential singularity at t = 1

e )\ is unknown and related to the speed of the crystallization front
e Third condition: at the beginning tiny crystals may already exist in the material
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ODEs with

Crystallization in thin amorphous layers (2) Singularities
solution
Motivation
1
Analytical Results
0.8
0.6
0.4 MATLAB Code
bvpsuite
0.2
0

Graph of the solution components ©(t) (blue) and £(t) (green) obtained from
bvpsuitel. 1 using collocation with m = 8 Gaussian points and
Toly = Toly = 10—12. Here, A = 11,03605.

(Kitzhofer, Koch, Pulverer, Simon, EW 2010)
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. q q . . . ODEs with
Crystallization in thin layers — alternative transformation Singulariies

Now we transform 7 € [0,00) — ¢ € [1,0) by

Motivation

Analytical Results
7:=—Int /

The resulting BVP for the temperature distribution ©(t) and the
degree of crystallization £(t), f € [0, 1), reads: V00 Gl

B , vpsuite
(= OOy FEOWILED)

©(1)=0,1284, ©(0)=1, £(1)=10"1°

e Singularity of the firstkind at t =0
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Scalar vs. vector case

Auzinger, Auer, Burkotova, Rachtinkova, Stanék, EW, Wurm 2014, 2017, 2017, 2018, 2021)

2(t) = %z(t) T

£t M

Z'(t) = ;

z(t) +

£(t)
Tt

M is similar to a diagonal matrix, all eigenvalues A < 0 of M

scalar case vector case smooth f(t) = tg(t)
A f(t) _M () _ M
ODE 2 (=2 2(th-=¢ 2'(t) = Mz(t+=7 2'(t) = Mz(trg(t)
IC Az(0)+f(0) =0 Mz(0)+f(0) = Mz(0) =0
1 1 ; 1
solution = [ s~ Tf(ts)ds 2(t) = [s~M-IKts)ds | z(t) =t [ s Mg(ts)ds
0 0 0
estimate |z(t)| < const ||f|| |z(t)| < const ||f|| |z(t)| < constt||g]||
1 1
k-th der. fsk =140 (ts)ds fsk’*M”f(K)(Is)ds o
0 0
estimate | [z (1) < const[|FF)]] | |20 ()] < const[|7(F)|| 2/ ()| < const||g||
smooth. feCP=zeccCP feCP=zeccCP geCP=zeccPt!
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Collocation method

Consider a partition of the interval [0, 1],

ODEs with
Singularities

Analytical Results

Tj Tit+1

In [74, 7i44], introduce m inner collocation points t;

Pm ... the class of polynomial functions on [0, 1]
which reduce to a polynomial of degree smaller or

equal to m on each subinterval [, 7j1]

1
T
N Collocation

MATLAB Code
bvpsuite
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Collocation scheme

Consider the IVP
M(t)

2(t) = MO 5y 1 TEZO) - 410)2(0) + 7(0, 2(0)) = 0

t t

Approximate z by a function p € P, N C[0, 1]
satisfying the collocation conditions

L\ P(tj) N f(t, p(t;))
ti o

i=0,...,N—1,j=1,....m,

subject to

M(0)p(0) + £(0,p(0)) = 0
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Collocation scheme: convergence result

Theorem: Let z € C™+1[0, 1] be the unique solution of the
analytical IVP. For sufficiently small hand p > 0, the
related nonlinear collocation scheme has a unique
solution p in the tube T,(z) around z. Moreover, the
following estimates hold:

|1z = plljp,1; = O(™),
12" = P'll,1] = O(h™),
| p/(t) = Mp(t) — HEED | = O(h™), t € [0,1].
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Mesh adaptation ODEs with

Singularities

Pulverer, Séderlind, EW 2011

solution
1
0.8] Analytical Results
0.6
0.4 .
Collocation
0.2
MATLAB Code
0 bvpsuite

N,=100

N=100

N=199

Solution of the problem (top) and steps of the grid adaption procedure (bottom)
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ODEs with
Example Singularities

N\

—~~
~

~—
|

MOz(t) + 31020 M(0)2(0) + (0, 2(0)) = 0

A+ (ex (t) - 1) ex (_t) — 1 Analytical Results
M) = ( 1 exp(2rl?) -1 A2 + (:Xp(—ZT) -1) )

A O
M(O) = ( 01 Ao )7>‘1 = *17 A2 = 727 B =1 Collocation
MATLAB Code
bvpsuite

Function f is specified as follows:

f(t,z) = p(t) + H(t)r(t, 2), p(t)=( t2_/12 )

where

H() = ( sint(t) cos(g -1 ) € Cl01], r(t,2) = ( Z)ns((i iizg)) ) €C[o.1]

f satisfies the Lipschitz condition with L = ZT‘/E < 1 and the IVP problem has a
unique solution z € C°[0, 1]
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Numerical experiment (1)

0.15 T T T T

011 1

Graph of the solution components
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Numerical experiment (2)

m=2 equidistant Gaussian
Nl h error [ order [ const. error [ order [ const.
4 2.50e-01 3.0e-3 2.00 4.85e-02 6.3e-5 2.96 3.8e-03
8 1.25e-01 7.5e-4 2.00 4.83e-02 8.1e-6 2.95 3.7e-03
16 | 6.25e-02 1.9e-4 2.00 4.81e-02 1.1e-6 2.97 3.9e-03
32 | 3.13e-02 4.7e-5 2.00 4.81e-02 1.4e-7 2.98 4.1e-03

For the Gaussian

points the order of global error in the mesh points 7; is 3.

m=3 equidistant Gaussian
N ] h error [ order [ const. error [ order [ const.
4 2.50e-01 8.6e-5 3.94 2.0e-02 2.4e-7 5.53 4.3e-04
8 1.25e-01 5.6e-6 3.99 2.2e-02 4.4e-9 5.37 3.1e-04
16 | 6.25e-02 3.5e-7 4.00 2.3e-02 1.1e-10 5.16 1.6e-04
32 | 3.13e-02 2.2e-8 4.00 2.3e-02 3.0e-12 3.69 1.1e-06

For the Gaussian points the order of global error in the mesh points 7; is 4.

ODEs with
Singularities

Analytical Results

Collocation

MATLAB Code
bvpsuite

16/21



MATLAB codes bvpsuite 1.1 &2.0 — scope

History:
sbvp (2003), bvpsuite 1.1 (2009), bvpsuite 2.0
(2018-2020)

www.asc.tuwien.ac.at/weinmueller

Implicit mixed order (singular) ODEs including
unknown parameters

BVPs in ODEs on finite and semi-infinite intervals
EVPs in ODEs on finite and semi-infinite intervals
Index-1 DAEs on finite and semi-infinite intervals

Pathfollowing for BVPs and EVPs in ODEs on finite
and semi-infinite intervals for parameter dependent
BVPs in ODEs

Error estimate and mesh adaptation strategy

ODEs with
Singularities

Analytical Results

MATLAB Code
bvpsuite
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q q g ODEs with
Pathfollowing problem: pseudo-arclength continuation Smgufaﬁi”,'i‘es

Kitzhofer, Koch, EW 2009 Deuflhard 2004, Auzinger, Burdeos, Fallahpour, Koch, Mendoza, EW submitted
Find x € D C R", n € Nsuchthat for \* € R,

F(x,A\*) =0, F:R"™" 5 R" a:=(x,\*)er"

Assumptions: Analytical Results
® there exists an isolated path .A of F in R7*1,
® given starting solution ag on the path A

Pseudo-arclength continuation:

® predictor: find & R+ close to the path
predi i o € p MATLAB Code

® corrector: starting at &y, we arrive at the corrector ay bvpsuite

Pathfollowing
Modul

jo)
‘oaptsty

ag agtsoty
Advantage: pathfollowing around turning points is possible
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Shell buckling problem 1 ODEs with

Singularities
Kitzhofer, Koch, EW 2009, MT Fallahpour 2020, private communication with A. Steindl, TU Wien 2020,
Auzinger, Burdeos, Fallahpour, Koch, Mendoza, EW submitted
2 (£) + cot(t) Z{ () + cot® (DA (1, z1(1)) = Fa(t, z1(1), Z2(1), 23(1), ") .
. , 5 . Analytical Results
25 (1) + cot(t)zo(t) — cot™(1)g1(s, z1 (1)) = Ga(s, z1(1), 22(1), z3(1), \")

z3(t) = /Ot cos(s — z1(8))sin(s)ds, Ax = % € [0, 1]

2Z(1) = cos(t — zi(t))sin(t), t € (0,7), e o
V4 (0) = Z (7T) = 0, 22(0) = Zz(Tl') = 07 23(0) =0.

1 1 An Application

3t | 35

|
3 3

(LTS

R
A

Y TRt 0 02 0.4 06 08 1 0 02 04 06 08 1
A
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ODEs with

Shell buckling problem 2 Singularities

Introduction
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Thank you for your attention!
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